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Measures of Bias and Proportionality
in Seats-Votes Relationships

Bernard Grofman

. INTRODUCT!ION

There has been a good deal of recent interest in the
functional relationship in a two-party, single-member dis-
trict system befween a party's aggregate vote share across
all legislative districts (V) and the proportion of seats
that it wins (S). While some early work simply regressed
S on V (see, e.g., Dahl, 1956) and looked at the slope and
intercept of the regression l|ine, recent work has focused
on nonllinear models of seats-votes relationships. Thell
(1969) and Taagepera (1973) have proposed a general func-
tlonal relationship of the form

s [ )f (1)
-5 -V

Tufte (1973) fitted a logarithmic fransformation of this
relationship to data from elections in Britain, New Zealand,
and the United States, of the form

S _ v
log [T—:~§} = B] log TV + BO , (2)

where Bg Is a stochastic error term.
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Linehan and Schrodt (1978) have proposed an alternative
specification of the relationship in Equation (1):

B
S v 1
1 -5 - [1 ~ v} + e ’ (3)

where € is again a stochastic error ferm hypothesized to
have zero mean, but with a normal distribution rather than
the log normal distribution Tufte (1973) proposed.

At one time it was thought that three was the most
Itkely value for By. This conjecture Is known as the "cube
law" of politics (Kendall and Stuart, 1950). With the
exception of the estimates offered by Linehan and Schrodt
(1978) and Schrodt (1981), recent work has found a wide
variation in By, with only parliamentary elections in Great
Britain closely approximating the magic number of three.
Estimated values of By (some from |inear, some from hon-
| Inear models) ranged from .7 (U.S. Congressional elections
in the period 1966-1970 [Tufte, 1973] to 4.4 (the U.S.
Electoral College, 1928-1968 [Taagepera, 1973]). Most of
the fitted values are, however, between 2 and 3.'»

Our aim in this paper Is limited to one aspect of the
seats-votes relationship, specifying useful theoretical
measures of the "bias" In seats-votes relationships for
two-~party, single-member district contests. We consider
six definitions of "bias" offered In the Ilterature, and
propose a seventh and eighth definition of our own,
Ihspired by the Gini index of Tnequality (see, e.g.,
Taagepera and Ray, 1977) and related to an index of maximum/
minimum electoral bias (distortion) proposed by Grofman
(1975). We also clarify the distinctlion between measures
of "blas" and measures of "proportionallty" in seats-votes
relationships.

1. MEASURES OF PROPORTIONALITY

We propose two criteria that any measure of degree of
proportional ity of the seats-votes relationship ought to
satisfy.

First Criferion of Measurement of Proportionallty: |f
any set of election outcomes may be characterized by the
function § =V, then any satisfactory measure of deviation
from proportionality must assign a value of zero to that
set. (Analogously, any satisfactory measure of degree of
proportionality must assign a vatue of one to that set.)

Second Criterion of Measurement of Proportionality:

I f two sets of observations of seats-votes relationships
are generated by the same functional relationship between

s
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seats and votes (Including Tdentical parameters of fhat
function), thenh any satisfactory measure of deviation from
proportiocnality (or degree of proportlonallty) must yield
the same value for both sets of observations.

We henceforth denote these criteria as P1 and P2.

In a single-member district system of elections, we
would newver expect to find complete proportionality between

a party's vote share and Its seat share. |n general, we
would expect that the graph of the seafs-votes relationship
will be an S-shaped curve_such as is generated by the power

function in Equation (1).° (See Figure 1.) The parameter,
B1, which represents the slope of the seats-votes curve in
the neighborhood of V = .5, has come to be known as the
swing ratio (Tufte, 1973). I+ is an index of the propor-
flonat ity of seats-votes relationships. Similarly [By - 1]
Is an 1ndicator of deviation from proportionality in seats-
votes relationships. For the functional relationship shown
in Equation (2), if By = 0, only for By = 1 will the per-
centage of seats won equal the percentage of votes received.
Note that |By - 1| satisfies both criferfon Pl and criterion
P2 as a measure of deviation from proportionality and that
By satisfies P1 and P2 as a measure of degree of proportion-
allty.  Any measure That varfes with Vi (party I's vote
share at a particular election T) will violate P2.

I1l. MEASURES OF BIAS

We follow the Niemi and Deegan (1978) definition of
blas In a set of election outcomes. |f the seat share §
earned by party | for a given vote share V Is the same as
the sea+ share earned by party || for that identical vote
share, +hen the election outcomes shall be said fo be
unbiased for that value of V. 1f an election system Is
unbiased for all values of V, we refer to it as completely
unbiased. We propose the following criferion that any mea-
sure of bias ought to satisfy:

First Criterion of Measurement of Bias: [|f a sef of
elect Ton oufcomes 1s unbiased for all elements of the set,
then any satisfactory measure of bias must assign a value
of zero to that set. .

We propose a second criterion that any measure of bias
In seats~-votes relationships also ought +o satisfy.

Second Criterion of Measurement of Blas: [f Two sets
of observations of seats-votes relationships are generated
by tThe same functional relationship between s§a+s and votes
(including identical parameters of that function), then any
satisfactory measure of bias must yield The same value for
both sets of observations.
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We denote these criteria as Bl and B2, respectively.
Any purported measure of blas that varles with Vi will vio-
late BZ.

B2 and P2 are examples of what Rae (1981) has called
"lot-regarding” criteria of equality, In which all identi-
cally situated actors (in this case political parties) must
be identically treated. Our four criteria for measures of
bias and measures of proportionality may seem To be elther
trivial or tautological. As we shall see, the most common
measures of bias/proportionality that have been proposed do
not satisfy them! '

Measure 1: Blas as the Simple Discrepancy Between Seats
and Votes

Consider the hypothetical graph of seat share as a
function of vote share (Figure 1). Consider an election
+ime t that generates some point (V4, S4) on that graph
(1.e., a hypothetical election outcome). A seemingly
natural definition of the bias in that election outcome is
the discrepancy between the observed (V4, S4) outcome and
that obtained 1f votes were transformed Into seats in a
perfectly proportional manner--i.e., the outcome (Vi, Vil
We may speclfy this discrepancy, which we shall label Dy,
In terms of a difference measure:

- - ’ (4)
D1 V_|_ Sy -
This measure will be positive or negative depc.anding on
whether party | or party !l Is favored (i.e., receives a

greater seat share than vote share). This measure of bias
s the one most commonly used In the political geography
| iterature (see, e.g., Johnston, 1979:58-60). I+ is also
the most common measure of "fairness" of election oufcqmes
in the political sclence |iterature on the representation
of raclal minorities in ward vs. at-large elections (see
the !iterature review in Grofman, 1981). )
Imagine that the seats-votes relationship for a given
legislature is being generated by +he cubic r_'ela'Honshtp
plctured in Figure 1. It is apparent from Figure 2 that
bias, as defined by the D measure, depends on Vi, 1f we
happen fo observe an election (or serles of elections) in

which V4 is close to .5, Dy will be near zero. If we
observe an election or elections in which Vi Is around .7
(.3), we will find a very large positive (negative) bias.

Some authors have compared Dy values in dH‘fc'ar‘em_L elec“ric?ns
or sets of elections To measure differences In b|§s at dif-
ferent points In Time between +wo different polities, or
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between two different types of electlon systems (see, e.g.,
Uslaner and Weber, 1979; Cole, 1974; MacManus, 1978; Taebel,
1978; Rabinowitz and Hamilton, 1980). However, unless the
V+ values across the different sets of elections are neariy
identically distributed, such comparisons are not really
meaningful, since the identical underlying functional rela-
tionship between seats and votes can give rise fo very dif-
ferent Dy values depending on the value(s) of Vi In the
election(s) sampled. Unless B1 = 1, 1f seats and votes
are related as in Equation (1), the relationship between Dj
and V will be nonmonotonic.

I we look at a hypothesized direct |inear relationship
between seat share and vote share

S = B1V + Y, (5)

we see that if V=1-V=.5 thenS=1-5=.5o0nly If
v = .51 = By). If ¢ =0, this requires By = 1.0

[f the relationship between S and V is as specified in
Equation (5), then

D1 = V_r - S+ = V+ - B1V+ -

V+(1 - B1) -9 . (6}

Hence,. estimated bias (Dy) will decrease (and at some polnt
become negative) with Increasing V4 if By > 1, while it wllli
l'tnearly Increase with Increasing Vi 1f By < 1.

Hence, if we posit a power relationship [as in Equation
(1)1, Dy can be expected to vary with V4 nonmonotonical ly;
and even if we posit a |inear seats-votes relationship [as
in Equation (5)], then Dy becomes a |inear function of Vi.
In neither case does Dy offer a desirable measure of blas.
Moreover, even If By = O(y = 0) and there Is perfect sym-
metry in the seats-vote transformation rule for each of the
parties, Dy will still be nonzero. Hence, Dy falls tfo
satisfy either criterion B2 or criterion P2 and thus is not
suitable as a measure of either blas or proportionality.

Measure 2: Bias as the Ratio of Seats to Votes

. Some authors (e.g., Robinson and Dye, 1978) have lcoked
a

w

. (7)

..I,.
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as their measure of bias. D{ satisfles criterion B! and
criterion P1. If seats and votes are linearly related as
in Equation (3), we have

. B1VJr + .
1=~V = B1 +'T%_ . (8)
+ +

D

Unless V4 Is much larger than y, D] appears as a linear
function of V4. Hence, in general, If we are comparing two
different seats-votes graphs for bias, unless the two graphs
have identical values of Vi with observafions similarly
distributed around that mean, D{ will be very misleading
for measurement of blas. In particular, D{ fails to satisfy
criterion B2. For analogous reasons, D{ Is also not a good

‘measure of proportionality. For V4 very large relative to

¥, It is not too bad, since in this case Dy = By, but for
values of Vi > vy, D{ varies with Vy and hence fails fo
satisfy criterion P2,

A very similar argument can be consttucted fo show
that D; is unsatisfactory as a measure of elther bias or
propertiocnality 1f the seats-votes relaf;onship Is as spec-
fled in Equation (2). In both cases Dy increases mono-
tonically with V.

Measure 3: Blas as a Function of Vote Share Needed fo
Gain a Fifty Percent Seat Share

A number of authors (in particutlar, Tuffe, ‘973? have
proposed to define electoral bias in two-party elections as
the difference between .5 and the vote share a party needs
to-get a .5 fraction of the seafs. LeT V( g) denote the
vote share required fo earn a 50 percent seat share. We
may define our third measure of btas, Dy, as

_ L (9)
D, 2V 5y "7 -

| f seats and vé+es are |inear!y related according to
Equation (5), then at § = .5

and hence

v - N (10)
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Thus, If seats and votes are linearly related as In Equation
(5), then

-2y -8,
D, = —5g— - (1)

1

For example, Dahl (1956) looked at U.S. Congressional
electlons (1928-1954) and U.S. Senate elections (1928-1952)
and found best fiffing regression |ines of §$ = 2.5V - .70
and § = 3,02 V - .95, respectively., Using Equation (9), we
find that those give rise to blas measures (Dp) of -.02 for
both House and Senate elections (a negative value indicates
advantage for the Democrats as Dahl defined his varlables),

{f the relatlonship between seats and votes Is of the

nonlinear form speclified In Equation (2), for S = .5 we have
V.5
B1 loge 1—_—\7‘; = loge 1 - BO = —BO . (12)

Analogously, taking logarithms on both sides of Equation
(3), we obTaln

‘s
B1 |Oge T—‘__—v—; = loge (1 - g) . (13

While we could use (12) or (13) to obtaln a value for logg
V('5i/1 - V(.5) and then solve for V( gy, It Is easy to use
a well-known approximation to log (1 + x) (see, e.g., Feller,
1957)6 1o reexpress Equation (13) as

v

(.5)

B, log [—~——| % -& . (14)
1 e [1 - V(.5)]

Thus, Equation (2) and Equation (3) have essentlally lden-

tical approximations. Henceforth, we shall use Equation
(2) to estimate our logit model. After taking antiloga-

rithms and performing some simple algebralc manipulations

3n Equation (12), we obtain a convenient expression for
(.5),

V(.S) = —§B7§————— . (15)

e e e g e et iy L
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Hence, where seats and votes are related as In Equation (2),
we have

D, =—Fm ——- .5 . (16)

Dy is In several ways an admirable measure of bias.

Dy satisfies both criterion Bl and criterion B2 and permits
meaningful comparisons. Also, Dy focuses attention on the
crucial point In a two-party competition, the point at which
control of the legislature changes hands. Moreover, the
estimates of Dy do not appear to be substantlally affected
by the choice of Equation (2) or Equation (5). Tufte (1973:
546, Table 2) fits the logit model {Equation (2)] fo data
from Great Britain (By = -.02, By = 2.88), New Zegaland

(Bp = ~.12, By = 2.31), and the U.S. 1868-1970 (By = .09,

By = 2.52). Using these values to estimate Dy from Equation
(15), we obtain values of .002, .013, and ~.009 for Great
Britain, New Zealand, and the U.S., respectively. Tufte
(1973:543, Table 1) fitted a regression line to the same
data. Using the |inear model [Equation (5)], he gbtained
D, values of .002, .014, and -.009, respectively.’

A slightly different way to approximate Equation (2)
fits well for S and V values reasonably near .5 (say between
.3 and .7), and fits quite well for S and V values between
.45 and .55.8 This method can be used to derive a linear-
ized logit-based estimate for Dp. We use a Taylor expansion
around .5 (see Feller, 1957:49) fo obtaln

p 1
log, [1 = p] 4P -7 an

Hence, from Equation (2)

. 21 18)
45 - 7 ~ 48, (v 2) + By (

1
7

B, B
N 11,0 (19)
S~BV+'§'—2+4-

This Is not a bad approximation. Consider, for examplg,
Tufte's (1973) |inear estimate of the data on the Brl+|sb
par|lament. He found S = 2.83 V - .921 to be the best fit-
ting regression line. His logit estimates for the same data
were By = 2.88 and Bg = 0.02. Substituting these values
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into Equation (19), we obtaln a |inear regression estimate
of §$ = 2.88 V - .935, which matches very closely the result
obtained directly from a regression model, especially when
we take Into account the standard errors of the various
parameter estimates. (Of course if By = 0, Equation (19)
reduces to § = 3x - 1 for By = 3, and we have a |inear ver-
sion of the "cube law.'")

Substituting the value of ¢ obtalned from Equation (5)
into Equation (19), we obtain for the |inear approximation
to the logit, the nice approximation for Do

B
. _0
D, = -——-—481 . (20)

This Is a good approximation: we get values of +.002,
+.013, and -.009 for the three cases previously considered--
estimates of Dz virtually identical to those obtalned
directly from the fitted regression line.9 Since By = 2.5
for the three cases considered, a rough and ready approxi-
ma';ion of Dy for these data sets In Tufte (1973) Is D, =
B./10.

0

Measure 4: Bias as Seat Share Needed to Galn a Fifty
Percent Vote Share

By looking at the .5 vote share rather than the .5
seat share, we can define a measure of bias directly analo-
gous to that of D, (cf. Tufte, 1973:543, n. 4). Let S¢.5)
denote the seat share obtained when party | gets a 50 per-
cent share of the votes. We define Dz as the difference

between .5 and the seat share obtained when party | gets a
.5 fraction of the vote, i.e.,

(2N

Ul
=
N|—

X For fthe linear model of Equation (5) for V = 1/2 we
ave

Sy = 5Bt (22)

Hence

D, = .5(B1 -1+, (22)
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For the logit mode!l of Equation (2) for V = .5 we have

S
(.5)
log, |+—%=—| =8, - (24)
e [1 S(.S)] 0
Hence

___.__GBO 25)
S(.5) ~ B, (

I +e

o = _ (26)

1
3 BO 2

I+ is Interesting to see that, for the logit model, By does
not enter into the specification of bias as measureq by Dz.
We may reanalyze Tufte's (1973) estimates of linear
and logit models for Great Britain, New Zealand, and The
U.S. to obtain estimates of Dy for those three countries.
Using the |inear model, we obtain D3 estimates Of‘-'006’l
-.032, and .022, respectively. Using Tuﬁ'e's_logﬁ' mode
estimates for the same data, we obftain D3 estimates of
~.005, ~.030, and .023. \Using our linear approxlmaTJIroril o
the logit model (and Tufte's loglt estimates), we ob T'I‘n y
essentially identical values. Again, as with Dy, log ‘r:u—
I Inear es‘rima’i"e? of bias (Dzg) in The +hree cases are Vi
ally identical. .
Y Clearly Dz has much the same s’rreng’_rh as'D2-+ |*m52’:;f
fles criterion Bl and criterion BZ, permits direct ':01_Pal "
sons of blas across different sets of eIeCﬂﬁnS’-‘i sanhg
forwardly defined, and focuses on a "r}a*fumlv Eom 0
seats-vote graph for two-party competition, V =
both parties receive the sameé vote sharesc.i
Dy and D3 are in fact closely related.
model from Equation (10) we have

.5, where
For the linear
.5(8, - N+

-D, = ——%

2 B1

(27)
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Substituting in Equation (10) we obtain
D3 = --B1D2 . (28}

This relatlonship has been noted by Tufte (1973:543, n. 4),
For the tinear approximation of Dz derived from a loglt
estimate, 1+ follows that

0, = 0 11
3 4

(29)

The only real problem with Dy and Dz appears to be that
sach focuses exclusively on one polint on the seats—votes
graph, the polnt that corresponds to a seat (vote) share of
.5. While it is clearly natural to focus on such polnts
(especially the former), 1+ may be that different estimates
of bias would be generated were we to look elsewhere on the
graph. 0f course, if we pick a particular estimating tech-
nique (say the logit model), then whether we measure bias
at V¢ 5y (S( 5y) or at some other V value (S value) might
appear arbifrary, as long as we are always conslstent In
our choice. This Is, however, too simplistic a view.

For Dy, both the logit and the |inear mode! Imply (at
'east In some range around V = .5) a consistency In the
direction of bias; I.e., If party | is advantaged (dlsadvan-
taged) when S = .5, it will also be advantaged (dlsadvan-
taged) when S = .5 + d (see Figure 1). However, It Is,
empirically, not frue that a distrlicting system (and distri-
bution of partisan strength and differential +urnout) that
favors one party for certain values of V will necessarlly
favor that same party for all values of V, even those close
to V(¢ 5y. The same features of a districting system that
are advantageous to a party at one level of overall vote
strength (e.g., winning a number of districts by bare major-
Ities or having a larger number of "safe" seats than its
opponent) may become disadvantageous (relative to the pro-
portionality norm) If its vote strength changes. Exactly
analogous remarks apply if we use Dz. This potential diffi-
culty with Dy or Dy has led several authors to a somewhat
more general approach to measuring blas that |ooks at bias
at points other than S = .5 or V = .5,

—
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Measure 5: Bias as the Difference Between the S(::*af Shares
Galned py Party | and by Party 11 when Each Obtains an
ldent 1 =z | share of the Vote

The fifth measure we look at is closely related fo
(indeed can be thought of as a natural generallzation of)
Dz. Let us look at what happens when party | receives a

50 percent vote share. |f seats-votes are_linearly related
as in Equation (5), then party | will receive .58y + ¥
seats, while with a vote share of .5, party Il wi[l recelve
1 - .58, - ¢y seats. The difference in seats received by
the two parties is given by
= - = . (30)
By + 29 ~ 1 = 281D2 2D,

Consider any other value of V, which we denote V().
Let us define

D,(x) = seat share of party | if its
4 vote share is V(yx)~
seat share of party Il if Ifs
vote share 1Is Vi, . (31)

Note that, In this measure, bias is independent og V.,.%
Hence, whatever values of V. we actually observe shoul :o )
affect the amount of bias we "detect," and thus Dy(x) satis
fies corlterion B2. |+ also satisfies criterion Bl. +

For the logit case of Equation (2), for B1 unknown:On
s di £ficult to solve directly for the required express)ndmé_
Using Equation (19), we find that, for +he |lnear appro
tion +o the logit model,

.2 (32)
D4 S

This Is a rather nice resulf. Note +haTBfO;nZhsfl>[<n—
sarized logit estimates Dy is Independent of By ’

drop the x-subscript. .
=nd h?ﬂ:i \gi rBj»(/x) ig a natural generalization of D3, W M3y

K i fon
read i ]Y generate a measure that is 2 natural generalizat
of Do . 12
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Measure 6: Bias as the Difference Between the Vote Shares
Obtained by Party | and by Party 1l when Each Obtains. an
Identical Share of the Seats

We may define Dg(x):

D5(x) = vote share of party | if Its
seat share is S,
vote share of party || if Its
seat share Is S¢y, . (33)

If seats and votes are linearly related as in Equation
(5), we have

D= otz el 22D = —2 (34)

Since exploration of the logit mode! for this case adds
I1ttle new, we omit it.

We shall not deal with the properties of D5 since we
wish to turn to a still further generallization of D5 (and
D).

Measure 7: Blas as a Gini-Index-Like Measure of The Area
Under Seats-Votes Discrepancy Curves

If party | receives a given share of the vote, there
Is a minimum share of the seats that [t could win. This
minimum share would occur If party Il received a majority
of the votes 1n as many districts as possible and party |
as far as possible had Its votes concentrated Into a handful
of districts that it carrled unanimously. We denote this
minimum as Sy in(x). Similarly, if party | recelves a vote
share of x, there Is maximum seat share it could win. This
maximum share would occur 1f its votes were spread so as to
give It a bare majority in as many districts as possible.
We denote This maximum as Smaxl(x). Figure 2 shows minlmum
and maximum seats curves for a legislature with a very large
number of districts, all of which are contested and al! of
which are of equal size.

Until now, we have implicitly assumed that data on the
seats-votes relationship were generated across a series of
elections, with each election speclfying one point on the
seats-votes graph. |f district level data are avallable,
an alternative method exists for generating a seats-votes
curve. As far as we are aware, BuTler (1951) was the first
to suggest this procedure. Tufte (1973) also makes use of
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11, as does Scarrow (1981, 1982). The idea Is a quite
simple one. Any glven election gives rlise to a particular
outcome-~-I.e., a point In seats-vote space. Imagine that,
In a given election, in every district election, party |
recelved one percentage point less and party || received
one percentage point more. This would give rlse to a new
"hypothetical" election outcome--the outcome of an electlon
that would have resulfed if party I's strength had uniformly
dropped one percentage point in all districts. In ITke
manner we can generate hypothetical election outcomes for
all possible decrements (increments) In party I's vote
share. These will glve us a seats-votes graph.14 This
graph will be monotonic In V, though there can be "f|at
spots" (because of small number "|umpiness" effects),
Scarrow (1981, 1982) used this method to generate
seats-votes curves for state legislative electlions In New
York and Connectficut. He combined this simulation technique
with use of the Dy measure of blas to examlne blas In the
.45 - .55 vote share range in Connectlicut and New York State
Assembly and Senate elections in the past two decades,
Including data prior and subsequent to early 1970s appor-
Tlonments. | seafs-votes could be perfectly fit+ by a
ITnear mode! (or for that matter a loglt model), we should
observe a perfectly or nearly perfectly constant blas as

. measured by Dy (or Dg). In the real worid constant blas

should be rare. We have reproduced a portlon of Scarrow's
(1981) data for the Connecticut Assembly elections In 1970
and 1972 (Table 1). These two elections 1!lustrate most of
the polnts we wish to stress.

While 1966-1976 projections for Connect!cut Assemb ly
and Senate roles are roughly conststent with a constant
blas for almost all elections (see Scarrow, 1981), 1In the
1972 Connecticut House we have a nonmonotonic relationship,
i.e., a blas reversal--below 53 percent of the votes g
Indicates a Republican advantage, above 53 percent of the
vote Dy Indicates a Democratic advantage (this advantage
continues past V = .55).15 Figures 3A and 38 graphically
represent the data In Table 1, a clear visual display of
the patterns noted above.

As far as we are aware, the particular form of graphlc
dIsplay of the bias In seats-votes relatlions over a range
of aggregate vote outcomes shown in Figure 3 has never
before been used. WIith the blas data In this graphic form,
a "natural" measure of blas suggests Itself, the area

between the party | and party || curves (the solld and the

dotted lines in Figure 3). Moreover, 1f we use a positive
sign for the area where the curve for party | is above That
for party Il, we have a natural way of capturing In a single
number the net bias over a range of electlon oufcomes.

e,
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TABLE 1

DEMOCRAT!IC AND REPUBLICAN SEAT SHARES IN THE CONNECTICUT ASSEMBLY
AT SELECTED PROPORTIONS OF THE STATEWIDE (TWO-PARTY) VOTE IN 1970 AND 1972

FOR HYPOTHETICAL ELECTIONS BASED ON UNIFORM SWINGS ACROSS ALL DISTRICTS
FROM THE OBSERVED SEAT-VOTE VALUE [N THAT YEAR

Swing
Ratio

55+

52+ 53% 54+

51+

48%

47+

48.0 49.7 [52.0]

16%
5.8
35.6 37.9 40.7 44.1

45%

Proportion
of State-
wide Vote¥

62.1 64.4 65.5

55.9 59.3

44,1 [48.0]+50.3

-+ 55.9

42.9

Dem

1970 Rep

54.2 57.1
+10.2 +8.4

52.0

2.26

+9.0 +7.9 +11.8 +7.9 +9.0 +10.1

34.5

+8.4 +10.2 +10.1

Bias

62.9 67.5
59.6+ 61.6 63.6

58.3
~1.3

[48.3] 51.0 55.0

51

42.4

38.4 40,4+ 41.1

36.4

Dem

1972 Rep

57.6 58.9

.7

41.7 45.0 49.0

37.1

32.5

i1

3.

+1,3 +3.9

-6.6 -3.4 -6.6 -3,9

-3.9

-1.3

+3.9 +1.3

Bias

Scarrow (1981, Table I[1).

Source:

Cell enfries indicate seat percentages that a party

would have achieved at the (column) specified vote share.

election outcomes.

y with a vote

Arrows indicate actual
.5 would achieve a projected seat share greater (less)

Boxed outcomes represent situations where a part

share less (more) than

.5,

than

in
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Let Sy(x) be the seat share for party | corresponding
to a vote share of x, and similarly define § |(x) for party
1. We define Dg as follows.

X
D6 = J ; Sl(X) - SII(X)

r(
= D,(x) . (35)
.5 4

Hence, 1f S and V are l|inearly related as in Equation (5},
we have

o
1t

X
f (Bpx + ) = (1 = B,(1 = x) + )
5

il

JX X
- 1 -8 —2¢=J . D
.5 ‘ 5 4

(.5 = x)(1 - B1 - 2¢) . (36)

il

We shall not bother to work out the Implications for
Dg of a nonlinear seats-votes relatlionship such as in Equa-
tion (2).

Measure 8: A Normallzed Measure of Bias in the Interval
(.5, x)

Grofman (1975) has proposed to measure the maximum
possible blas 1n seats votes relationships (over the vote
range [0, 1]) for different types of election systems by
looking at

1
Jsax—sl
o Maxy - mim

D (37)
max-min

For two-party single-member-disfrict elections under plural-
1Ty, Dpax-min = 1/2. We can generate a value of D

max-m!n
for the vote range (.5, x) by defining @

X
Drax—mintX) = J 5 Smaxl(x) - Smlnl(X) . (383
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For two-party single-member-district plurallty contests,

2

1 X
=><-—-—J 2% = 1 = 2x =~ x* - (39)
2 s

ENIvY

Dmax—mln

I+ would be desirable to have Dg range between -1 and
+1 (Dy through Ds vary over that range). We may accomp | ish
this by normalizing Dg(x) by Dmax-min(X); t.e., we look at

D6(x)
Dé(x) = (40)

ENiv

2% - x =

For x = .55, the value used by Scarrow, Dy nmin(Xx) = .0475.
For +he 1970 and 1972 Connecticut Assembly elections we
show wvalues for Dy, Di, Dy, Ds, Dy4(.50), D5(.50), Dg(.55)
and DL(.55) In Table 2.

¥ we compare the 1970 and 1972 elections according to
our various measures, we find no agreement among them (al-
though dlispariftles among Dy and Dz; Dg(.5) and D5(:5); and
Dg(.55) and D4(.55) are more apparent than real, since these
measures are functionally related fo another). [n 1970 Vi
was close o S+ (.49 v. .52), and we obtaln a value of D]
siightly over 1. In 1972 V4 was reasonably close to St
(.47 v. 40) but now smaller than Si rather than larger.
This gives rise to an an‘H—Democr‘aiic bias, as shown by‘a
D! value of less than one (.85). Both Dy and D} are quite
m‘sleading, as visual Inspection of Figures 3A and 3B sug-
gest. Both D1 and D{ show that 1972 has more blas than
1970. This is not what we observe In Flgure 3A. The error
arlses because In 1970 we had St reasonably.close to V¢,
but yet the result +urned less than a majority of t+he votes
info a majority of the seats; in 1972 St was further from
V4+ but the differences might reasonably be expected, glvin
a nonlinear (and roughly symmetric) +ransformation of vc[) es
intfo seats. D not only gets the directlon wrong bu’r@_}go
exaggerates the magnitude of the differenc_;es be'rweﬁn e
and 1972, in that D¢ for the latter year is more t 6866?
Dy for the former year In absolute value (.030 v.h;.bu-r .
Measures D, through Ds get the directionality rig "
overestimate, In our view, +he magnltude of +he bla_s i .
1972 relative to that In 1970 by looking only at b'az o
the polnt V = .5. As can be seen from Figures 3A a: 12;
at V = .5 the difference between S| and Sy Is a_l;oz ’r. ;
for 1970 and about .04 for 1972, a ratio of abou a?‘in.
This ratlo squares roughly with what we find l{n :Of;lﬁ lng
the Do through Dg values for +he two years. However,




316

TABLE 2

IN SEATS-VOTES

RELATIONSHIPS FOR TWO CONNECTICUT ASSEMBLY

COMPARISON OF SEVEN INDICES OF BIAS

ELECTIONS, 1970 AND 1972

DS(.E) D6(.55) Dé(.55)

D4(.5)

030 1.06 -.018 .059 .118 .036 .0048 . 101

1970

~-.066 .85 +.004 -.017 -0.34 -.008 .0118 -.017

1972

Scarrow (1981).

Source:
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1972, while bias stays roughly constant from V = .50 through
VY = .52, at V = .53 there Is a blas reversal and, thus, over

the entire range (.5, .55) the net blas in favor of the
Republican gets significantly reduced from 1ts value at V =

5.
111, CONCLUSIONS

Our concern has been with developing appropriate mea-
sures of bias and proportionality. We regard By as.'rhe most
appropriate measure of degree of pr‘oporﬂonali’ry, with
|By - 1| Indicating deviation from proportionality. We have
demonstrated (a) that the two most common measures of bias
(D and D{) are inappropriate and (b) that most of the
remaining measures previously proposed In the |1terature
are, In fact, simple fransformatlons of one another.

Although D, through D5 are reasonable measures, and Dy
and Dz, in partlcular, have the advantages both of ease ofbl
calculation and interpretation, the measure of blas best able
to deal wlth properties of the seats-votes relationship over
the entire range of V is D6.17 Once we op'!' for Dg, however,
it makes sense to use D‘6, since the normalization used gives
us a measure that will range befween +1 and -1.

NOTES

1. For empirical data on elections In New Zealand,
ses, ©.4., Johnzfon, 1976a; Brookes, 1959; SchrodT6.1?8l;
for Canada see, e.g., Qualter, 1968; Spafford, 1970; 0:95&
Australia see, e.g., Rydon, 1957; and Soper and Rggc;r'\, o ;
Schrodt, 1981; for England see, e.g., Johns1‘on-,r 1 e]a?’lon—
Gudgln and Taylor, 1979. For work on seats-vo is r o
ships in the U.S. (including U.S. state Ieglsl?gi/{g?s ,
e.g., Dahl, 1956; Tuffe, 1973, 1975; Collins, 19é1 1982.
Backstrom, Robins and Eller, 1978; and Scarrow, ! ?n
Recent Theoretical work on The topic of sea+s—v<1>9§§:'
single-member-district systems includes Mar?gao- Saékoff
Brookes, 1960; Coleman, 1963; Thell, 1969, / _,r o 73,
and Mellos, 1972; Musgrove, 1973; Tufte, 19;3f E?\ys+rc’>m and'
Spafford, 1973; Quandt, 1974; Johnston, 197‘a’andgTaonr
W1ldgen, 1977; Nieml and Deegan, 1978; Gudg!no'l—Ou e ’ |
1979; Grofman, 1981; Owen and Grofman, 1981; ghlin,

1982; Schrodt, 1981,

d

2. In any actual election sysTem,lghil\é:‘gi g;ri}s;?\r}

of Bg) will depend on the spatial disfr uhl cocaking, the

group support across districts. Very roug z e ainllar
more the distribution of partisan/group sTreng
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in all districts, the higher will be By. In general, we
would expect By > 1. See Tufte, 1973; Linehan and Schrodt,
1978; Wildgen and Engstrom, 1980; Musgrove, 1973; Nieml and
Deegan, 1978; Johnston, 1976a, 1979; and Gudgin and Taylor,
1979; and Schrodt, 1981, for more on thls point. Schrodt
(1981) has shown that in Equation (2), parameter estimates
are sensitive to which party Is treated as party | and which
as party Il and has reestimated some of the equations In
Tufte (1973), finding values considerably closer to 3.

3. An S-shaped curve will also be generated under
various other plausible assumptions about the underlying
functional relationship between seats and votes. See
Gudgin and Taylor, 1979:18-19, and Owen and Grofman, 1981,
Values of S for specified values of V and By for the seats-
votes relationship defined by Equation (1) are glven in
Table 1 In Grofman (1982b).

Many politicians and lawyers falsely assume that "fair"
single-member districting yields proportional ity between
seats and votes and that absence of proportional ity Is proof
of blas; e.g., "A(n) ... indicator of raclal discrimination
fn the drawing of congressional district |ines is that the
percentage of Blacks In a state's congresslonal districts
Is usually much less than the percentage of Blacks in the
state" (Smith, 1975). In fairness to Smith, he also lists
other indicators of discrimination Including "the division
of substantial minorities of Blacks into several contlguous
districts so that they are unable to elect a Black in one
or more of those districts" (Smith, 1975:671).

4. Even lidentical Vi values In the sets of elections
being compared would not al leviate the problem. The rela-
tlonship specifled in Equation (1) [or Equations (2) or
(3)] between Sy and Vy is nonlinear and thus Is not expec-

tation-presery ng. It should be apparent that the same
problem will manifest itself whatever values of By we plck,
although 1t will be less severe 1§ By is close to 1.

5. We are deliberately using the same symbol, By, in
Equation (5) as in Equation (2), since in both cases By is
taken to be a measure of The swing ratio, even tThough the
value of By estimated from a IThear function as in Equation
i5) 's unlikely to be identical to that obtalned by fltting
Tge power function of Equation (1). March (1957) has shown

at, for By = 3, Equation (1) 1n +he range V = .4 to .6
can be approximated by the stralght Iine S = 2.808 v - .904,
We show below t+hat In the range V = .45 to .55, Equation (1)
can be wel| approximated by the stralght Ilhe S = 3 vy - 1.

——tty.

g
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6. We are Indebted to Scott Feld for calling this
approximation to our attention (cf. March, 1957; Theil,
1969; also see Feld and Grofman, 1980).

7. In these three cases, the differences between
I Tnear and logit esftimates are minimal. Tufte (1973:543,
n. 4), who looks at several other cases in addition to the
three we reported, remarks that the linear and the loglt
method (and two other methods he discusses) "revealed smal |
differences In most estimates (of Dy) when the blas was
tess than 5 percent and the correspondence between s§afs
and votes was fairly hlgh (usually the case); otherwise the
estimates diverged."

8. As with Dy, This need not be frue when blas is
large. A glance aT Figure 1 reveals that [inear and loglf
models are unlikely to yield similar estimates of blas
{defined here as the difference between the polnt on the
estimated seat-vote graph and the corresponding point on
the proportionality line) 1f we look at S values (V values)
away from .5.

9. We might also note that 1f Sy = 1/2, then Dy = Dy;
If V4 = 1/2, then D3 = Dy.

10. The relationship between D, and Dz Is considell"ab]iy
more complex when each is estimated from The logit model o
Equation (2). Combining Equatlons (15) and (21) we have

l.e.,
- e

-(B,/B,) By
1+ e 0 1][1*"9

| do not find this expression especially enl Ightening.

+imate obtained by

‘(80/81) BO
e

2 =Bt

11. Even when the regressi?n es -
substituting the logit estimate into Equafloniiz?; (Ij(i)iZIy
correspond perfectly to fthe best Iinear féi; S ot R
to glve a regression I|ine nearly as good
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12. A measure of bias that is a variant of D4 has been
offered by Brookes (1959). We shall not, however, discuss
this measure since it adds little or nothing new.

13, If we neglect differences in constituency size and
constituency turnout, we are, in effect, looking at what
happens when party |'s aggregate vote share goes down one

percentage point, with the decrease uniform across dlstricts.

14, 1+ might appear that it ought to be harder for
party Il to gain strength In a district In which it was
already strong than In one where It was weak. Except for
extreme cases (e.g., districts that are nearly unanimous for
a glven party), the available statlistical evidence seems to
support the notion of a swing across districts based on
changes In "percentage points and not percentages.” Accord-
Ing To Tufte (1973:545) "percentages swings are relatively
Independent of the starting point and are therefore best
assessed 1n terms of untransformed percentages differences,'
This has been called the "paradox of swing." (See Butler,
1953, for a full discussion of This point; see also Scarrow,
1981, and Taylor and Johnston, 1979, especlally Chapter 3.)

15, The pro-Democratic bias appears to be decreasing

with increasing V In +he 1974 Assembly election, but the
effect is slight.

. 16, We have not attempted to identity the source of
blas. Roughly speaking, blas arises when the mean value of
overall party strength does not coincide with the median
value of party strength across districts (see Soper and
Rydon, 1958:97; Johnston, 1979:63-67). Such a dlscrepancy
can occur for a number of reasons. Using a linear approach
to estimation, a number of geographers (e.g., Brookes, 1959,
1960; Soper and Rydon, 1958; Gudgin and Taylor, 1979; Taylor
and Johnston, 1979) have looked at how Dy (or D3) might be
decomposed into components reflecting (a) Inequality In the
num?er of voters in +he seats won by each of the parties
(which in +urp can be divided into inequal ity caused by
iziguai district size and fnequal ity caused by differential
Concgg+rgi.par+lsan supporters); (b) differential geographic
el b;ogiof parTlsan'supporT across districts (which in
i oo b vided Into "natural" differential concentration
Pave bor ggrav?feq by The way in which the district |ines
romger, )'rawn. i.e., |p+en+ional or unintentional gerry-

ring’; and (c) the differential tmpact of minor parties

?nd the distribution of their vote strength. We shall not,
owever, pursue these Issues further here,

a1 1
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Unfortunately, the work on the political geography of
electoral relationships done by geographers (primarily
British ones) is not familiar to most American political
scientists. This work Is of very high methodological
sophisticatlion and deserves to be far better known. Wg
would especially [ike to call to the aftention of American
political scientists Gudgin and Taylor (1979), Johnston
(1979), and Taylor and Johnston (1979).

17. A Ilmitation of measures that look only at V = .5
is that they are plausible only if elections are fully com-
petitive, with outcomes consistently near an equal vote
division.
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