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Abstract Models of party competition building on Downs (1957) have recognized
that there are centrifugal and centripetal forces in party competition; but one such
force, the existence of party primaries, has been remarkably neglected in recent
literature. We consider party/candidate policy divergence in two-party competition
in one dimension where there is a two-stage electoral process, e.g., a primary
election (or caucus) among party supporters to select that party’s candidate
followed by a general election. We develop a model in which (some or all) voters in
the primary election are concerned with the likelihood that the primary victor will
be able to win the general election and being concerned with that candidate’s policy
position. This model is similar in all but technical details to that given in an almost
totally neglected early paper in Public Choice Coleman (1971) 11:35–60, but we
offer important new results on electoral dynamics for candidate locations. In
addition to accounting for persistent party divergence by incorporating a more
realistic model of the institutions that govern elections in the U.S., the model we
offer gives rise to predictions that match a number of important aspects of empirical
reality such as frequent victories for incumbents and greater than otherwise
expected electoral success for the minority party in situations where that party has
its supporters more closely clustered ideologically than the supporters of the larger
party (in particular, with a concentration of voters between the party mean and the
population mean).
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1 Introduction

The simple Downsian model of two-party competition over a single-issue
dimension for a single office predicts party convergence to the policy position
on that dimension espoused by the median voter if parties/candidates are
motivated solely by office-seeking (Downs 1957) and voters solely by policy
proximity to candidate positions. While Downs was certainly correct to call
attention to centripetal forces in party competition over a single ideological
dimension, there are also important centrifugal forces that need to be taken into
account. Even in the U.S., the country whose presidential elections inspired
Downs to propose it, the simple Downsian model fails to predict the persistent
party divergence we observe.1

The need to model centrifugal forces in two-party competition2 has been
well recognized in literature of the past two decades, with a variety of different
approaches offered to explain candidate and party divergence. These include
the role of ideologically committed party activists/interest groups who are a
major source of campaign resources (Aldrich 1983, Baron 1994, Morton 1993);
candidates who have policy preferences that they wish to see implemented and
not just a desire to win an election (Wittman 1973, 1977, 1983) directional
rather than proximity-based voting (Merrill 1993, Merrill and Grofman 1997,
Rabinowitz and Macdonald 1989; discounting of candidate positions Grofman
1985, Merrill and Grofman 1999; multiple dimensions of issue competition
Schofield 1996; non-policy related motivations for candidate support such as
those that give rise to reputational effects and incumbency advantage or to
partisan bias (Adams 1999, Adams et al. 2006, Berhardt and Ingberman 1985,
Feld and Grofman 1991; and strategic calculations such as concern for future
entry Brams 1980, Brams and Merill 1991, Palfrey and Erikson 1994, or policy
balancing across multiple contests Alesina and Rosenthal 1995.3

The approach we take focuses on the fact that in the United States two-stage
election processes such as a primary (or caucus) followed by a general election are

1 Similarly, it is an indubitable fact that candidates of opposite parties in many recent U.S.
elections (e.g., the 1992 senatorial contests in California, the 1964 and 2004 presidential election,
to name two blatant examples) cannot be characterized as tweedledum–tweedledee. Moreover,
numerous scholars have shown that, when a given U.S. constituency elects members of opposite
parties (e.g., when a congressional seat changes hands to a member of the opposite parties, or in
states which are simultaneously represented by senators of opposite parties), the difference in
voting records between the office-holders of different parties (as judged, say, by Americans for
Democratic Action (ADA) scores or similar roll-call measures) can be huge (Bullock and Brady
1983, Fiorina 1974, Grofman et al. 1990, Polle and Rosenthal 1984).
2We might also note that when we try to model U.S. politics in two dimensions rather than in one
dimension, we still do not observe party convergence. As part of the European party manifestos
project, Robertson (Budge et al. 1987, Robertson 1987, p. 69. Fig 3.1) factor-analyzed party
platforms to generate a two-dimensional issue space for the U.S., 1948–1980. He found that the
Democratic and Republican parties in the United States remained in distinct areas of that issue
space. The puzzle of non-divergence is actually even more general. Macdonald, Listhaug and
Rabinowitz (Macdonald et al. 1991) show that spatial locations of Western European political
parties exhibit a missing center, i.e., a tendency toward the absence of parties in the center of the
space of voter ideal points. However, we shall not deal with competition among more than two
parties in this essay.
3 For more general reviews of the literature on spatial competition inspired by Downs see
Enelow and Hinich (Adams et al. 2006; Enelow and Hinich 1984; Enelow and Hinich 1990;
Grofman 1993, 1996, 2004, 1999).
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common. Remarkably, while this point is central to two models of two-party
divergence offered in the early l970s, (Aranson and Ordeshook 1972; Coleman
1971, 1972), the implications of such two-stage processes for party/candidate
convergence and the size of party support coalitions have been almost entirely
neglected in the past two decades—indeed, there have been almost no recent
citations to either the Coleman (1971, 1972) or the Aranson and Ordeshook
(Aranson and Ordeshook 1972) work. This neglect is especially puzzling given the
rise of the “new institutionalism” (Shepsle 1979; Shepsle and Weingast 1984)
during this same period.4

In the Aranson and Ordeshook model, candidates are assumed to develop
expectations about the probability of victory in the primary election (P1) and the
general election (P2) as a function of the policy position they associate themselves
with, and are posited to choose a spatial location so as to maximize P1×P2. The
Aranson and Ordeshook (1972) model of two-stage election processes makes
candidate choices the focus of their modeling. In contrast, in the Coleman (1971,
1972) model, the focus is on voter motivations. In the Coleman model some (or all)
voters in the primary election are concerned with the likelihood that the primary
victor will be able to win the general election and with that candidate’s policy
position and choose among candidate’s accordingly. Roughly speaking, Coleman
assumed that voters maximize a function that can be thought of as the benefit
derived from selecting a party representative whose location is close to their own
ideal point discounted by the likelihood that such a candidate will be elected in the
general election.

The model we offer is similar in spirit to some of the work on strategic voting/
bandwagon effects,5 and a direct extension of Coleman’s (1971, 1972) work. We
go beyond that work to offer new results on electoral dynamics for candidate
locations in a sequence of two-stage elections and in showing the link between the
nature of voter ideological distributions and the likely outcomes of elections. Like
Aranson and Ordeshook (Aranson and Ordeshook 1972, Coleman (1971, 1972)
supposes that a candidate is constrained to offer roughly the same ideological
position in the general as in the primary. We take the same view in the model given
below.6

4However, Coleman’s work first appeared in an early issue of Public Choice, shortly after the
journal changed its name from Papers on Non Market Decision-Making at a time before many
libraries subscribed to this subsequently well-known journal. The 1972 articles of Coleman and
Aranson and Ordeshook are book chapters in an excellent edited volume that deserves to be far
better known, but that was published by a firm that shortly, thereafter, went out of business.
5 There is a considerable literature about strategic voting in multicandidate contests (e.g., Black
1978, Cain 1978 in which voter support for any candidate depends not just upon that candidate’s
(relative) policy positioning but also upon the voter evaluations of that candidate’s (relative)
likelihood of electoral success Similar ideas are also found in the literature in comparative politics
on the psychological effects in Duverger’s Law 1958, Fedderson 1992, Riker 1982. Brams’ work
on bandwagon dynamics (see, e.g., discussion in Brams 1978) makes use of the idea that actors
make choices to join coalitions that are in part based on the likelihood that the candidate whose
coalition they choose to join will be able to win.
6 In a planned follow up paper we will look at what happens in a two-stage election process if
some voters are “expressive” voters in the sense of Glazer 1993 and Glazer et al.1998, i.e., vote
for candidates based not simply on their policy platforms but also on the basis of which (types of)
voters are expected to be in the candidate’s support coalition. (The term “expressive voting” has
been used in the literature in various ways. The definition of expressive voting offered in Brennan
and Lomasky 1993 is related to but not identical with that offered by Glazer.)
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The model we offer gives rise to predictions that match empirical reality in a
variety of ways. Not only does it predict persistent nonconvergence of party
positions (as do several of the models we mentioned earlier) whenever voters have
even some concern for policy outcomes and not just the success of candidates of
“their” party, but it also leads us to expect frequent victories for incumbents and
provides an explanation for why a minority party may do better in elections than
one would otherwise expect when its supporters are more ideologically
concentrated than those of the majority party.7 Moreover, unlike many of the
other models that generate centrifugal pressures, it achieves its results simply by
making realistic assumptions about the nature of political institutions in the United
States, and what we regard as plausible assumptions about voter motivations. In
particular, it incorporates a parameter, α, that is a measure of ideological concern,
i.e., concern for selecting in the primary a candidate who can win as opposed to
selecting a candidate who mirrors the voter’s own position.

We would also emphasize that there is a key difference in our model between
the results for the case of an open seat, and for the case of a seat where an
incumbent is running for reelection. In case of an open seat, there is generally a
symmetric result: both parties tend to nominate candidates, more or less,
equidistant from the population median. In contrast, in the case of an incumbent,
the tendency for the other party will be to nominate someone close to the center if
the incumbent is far away and some distance from the center if the incumbent is
near the center.8 This feature of our model, with centrist policies on the part of an
incumbent not being matched by centrist policies on the part of a challenger, is
quite distinct from most other work in the Downsian tradition (see, however,
Adams et al. 2006).

While our operationalization of the model is in terms of a particular utility
function, the basic intuitions about convergence and the effects of party
distributions we offer hold for a very wide class of functional forms (see
Assumption 1 below). Moreover, we offer results for both the case where primary
elections in each party are simultaneous and the case where elections are
nonsimultaneous (or one party’s result can be known in advance, as when an
incumbent is expected to win her party’s primary), and for the cases with and
without an incumbent. Like Cox 1997, our desire is to build a more institutionally
rich approach to understanding electoral competition—one that melds the spatial
modeling literature inspired by Downs 1957 with issues of concern to students of
comparative election systems interested in institutional effects (see, e.g., Lijphart
1984, 1992, and the various essays in Lijphart and Grofman 1984, and Grofman
and Lijphart 1986.

7 Other work showing the relative advantages of being a concentrated minority includes Miller
1996 and Merrill et al.1999.
8 Incumbents are tied to positions they have taken in the past. Also, it is rare for an incumbent—
with advantages of name recognition, and, for long-time incumbents, almost certainly a well-
developed campaign organization—to lose a party primary.
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2 The basic model

2.1 The space of voters and parties

We assume that voters are distributed along a left–right spectrum and located at
positions t, where 0 ≤ t ≤ 1. The left-wing party (D) occupies positions from
0 to s; the right-wing party (R), from s to 1. Here, s is a fixed number, 0 < s < 1,
possibly, but not necessarily, equal to 1/2. There is a distribution function F(t),
monotone nondecreasing, with F(0) ≥ 0 and F(1) = 1. F(t) is the fraction of voters
located at some position u ≤ t.

The median position of the distribution is m, defined by F(m) ¼ 1/2. We will
also talk about the two party medians, d and r, defined by F dð Þ ¼ F sð Þ�2 and
F rð Þ ¼ F sð Þ þ 1ð Þ�2: In case F is continuous and strictly increasing, these three
equations determine m, d, and r uniquely. For discontinuous or for not-strictly
increasing functions, slight modifications must be made to the definitions of m, d,
and r; we dispense with the details.

2.2 The basic model with and without an incumbent in place

2.2.1 Incumbent

We consider first what happens when there is an incumbent.
Suppose the R party has an incumbent located at position y ∈ [s, 1]. A voter in

theD party, located at position t, would be happiest ifD could win the election with
a challenger at position t. However, it is not certain such a candidate will win. Thus,
in a primary election, the voter might prefer a candidate “closer to the center” than
t, i.e., located at some x ∈ [t, m], on the grounds that such a candidate has a greater
probability of winning the general election.

Following Coleman 1972, we assume that the voter at t has utility function u(x, t)
for victory by a candidate located at position x, and similarly u(y, t) for victory by the
incumbent (at y). Let p(x, y) be the probability that a candidate at x will defeat one
at y in the general election. Then

g x; y; tð Þ ¼ u x; tð Þp x; yð Þ þ u y; tð Þ 1� p x; yð Þð Þ (1)

is voter t’s expected utility if the D party nominates a challenger at x. Thus, in the
primary, the voter’s best hope is to choose a candidate that maximizes the function g.

The following assumption seems reasonable:

Assumption 1(a)–(d) We assume that, (a) for fixed t, the function u(x, t) is a
continuous, unimodal function, with a maximum at x = t and hence, strictly
increasing in x for x < t and strictly decreasing for x > t. (This corresponds to the
idea that the voter wants to elect someone as close as possible to his own position.)
We also assume that, (b) for fixed y, p(x, y) is strictly increasing in x for x < y, and
strictly decreasing for x > y. We also assume (c) this function is continuous in x
except possibly at x = y. Finally, we assume (d) that p(x, y) > 0 for all x and y.
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Lemma 1 Under assumptions 1(a)–(d), the function g(x, y, t) is continuous in x.

Proof The proof to this and subsequent omitted proofs are given in Appendix A.

Lemma 2 Suppose that y > t. Then, under assumptions 1(a)–1(d), the function
g(x, y, t) will achieve its maximum (in x, for fixed y and t) at some x* ∈ [t, y). We
call this x*, voter t’s preferred primary position.

Suppose, then, that y is fixed. An individual member of D, located at position t,
finds that, in the primary election, his preference is for a candidate at position x*, as
described in Lemma 2. Note that x* varies with the individual. It is then possible to
give a distribution for the positions x*. However, as this x* depends not only on
t and on y, but also on the (individual) utility and (subjective) probability functions,
u(x, t) and p(x, y)—which might be very different for different members of D—this
distribution is difficult to calculate. However, it may be seen that, as t ≤ x* < y for
each individual, then the median q* of the distribution must satisfy d ≤ q* < y,
where d is the median for party D.

At this point a standard argument states that, in the D party primary, a candidate
A at q*will defeat any candidate B at a different position. The idea is that B chooses
x < q*, then all voters whose preferred primary position is to the right of q* will
prefer A; if x > q*, then all voters with preferred positions to the left of q* will
prefer A. As q* is the median position (so the argument goes), A will always be
preferred by a majority of the D party voters. Thus, the tendency will be for the D
party to nominate a candidate at q*(y).

Unfortunately, there is a flaw in this argument. The problem is that the function
g(x, y, t) need not be unimodal in x. To see this, we might consider aD voter located
at a position t very close to the R party incumbent’s position at y. (For example, let
t = 0.49 and y = 0.51.) Such a voter may well be so satisfied with the incumbent
(even though nominally of the opposite party) that he would prefer his own party
(D) to nominate a candidate with little chance of winning the general election.
Thus, the voter at position t = 0.49, though his own preferred primary position may
be x* = 0.50, would prefer a D candidate at x = 0.01 to one at q* = 0.35 because the
candidate at 0.01 will almost certainly guarantee the election of the incumbent. We
will call this event, strategic primary voting.

We will, however, assume that this event is so unlikely that we may safely
disregard it. More exactly, though such voters may exist, we will assume that the
likelihood that they would alter the outcome of the primary election is extremely
low. In Appendix B we give reasons in support of this assumption. Moreover, we
will subsequently argue that, if this happens with any frequency, the given D voters
would probably migrate to the R party. In summary, we feel safe in assuming that
our original argument will hold: a D candidate at position q* will (in the primary)
defeat a candidate at any other position.]

The results we state will be based on combining Assumptions 1(a)–(d) with
Assumptions 2, 3, and 4 below. A further assumption, that of complete
information, appears as Assumption 5 in the next section of the paper.

Assumption 2 Strategic primary voting, though it may exist, will not be prevalent
enough to change the outcome of an election.

Because this assumption is intended only to apply to the somewhat peculiar
case of some voters in one party preferring the candidate of the other party to their
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own party’s candidate, we will leave Appendix B to a fuller discussion of the
meaning of this assumption in terms of the distribution of voters.

To solve specifically for a location, q*, we need to make some further
assumptions about the two functions u(x, t) and p(x, y). The results we obtain below
depend on the specific form of these two functions, but the basic intuitions derived
here will be valid for a wide number of functional forms.

Assumption 3 We will assume that the voter utility function has the form

u x; tð Þ ¼ e�α x�tj j (2)

where α is a parameter representing the importance given to ideology. (In effect, we
will see later on that x*(y) tends to be further away from the party median when α is
small; i.e., small values of α means lesser importance is given to ideological
purity.)

Assumption 4 For the function p(x, y), we will assume that voters will vote in the
general election for the candidate closer to their position. Hence, if there was no
chance element, the candidate closer to the median position,m, would certainly win
the general election. Thus, for x < y, the D candidate would win if x + y > 2 m, and
the R candidate would win if x + y < 2m. However, because of unforeseen (chance)
events, the electorate may shift ideologically from one side to the other. We assume
that this shift can be expressed as a random change in m, normally distributed, with
mean 0 and known variance, σ2. (The parameter σ represents in some way the
volatility of the electorate.) If this is so, then for x < y, theD candidate will win with
probability

p x; yð Þ ¼ Φ
xþ y� 2m

2σ

� �
(3)

where Φ is the (cumulative) standard normal distribution function, i.e.,

Φ uð Þ ¼
Z u

�1
ϕ νð Þdν

and

ϕ νð Þ ¼ 1ffiffiffiffiffiffi
2π

p e�ν2=2:

Of course we have assumed that t, the voter’s position, varies among the
members of party D. Now, the parameters α and σ are subjective parameters, and
thus, could well vary among members of the party. We will, however, make the
simplifying assumption that α and σ are common. Thus, D party members, though
they differ in their preferences, assign similar importance to ideology, and have
similar ideas as to the volatility of the electorate.

Under these assumptions, we can prove
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Theorem 1 Assuming αand σfixed, then, for a given position y of the incumbent,
there exists a position x*(y) such that the utility-maximizing D voter located at
t will prefer the D candidate to be in the position max{t, x*(y)}. [Note that, in this
theorem, x*(y) does not depend on t.]

Thus, in a primary election among D voters, with an R incumbent at y, those
D voters to the left of x*(y) will mask their true feelings and vote for a candidate at
x* (if such a candidate exists); those to the right of x* will reveal their feelings by
voting for a candidate at their own position. Then if x* < d, a candidate at d will
defeat any other candidate. If x* > d, a candidate at x* will defeat any other.

Of course, there is no guarantee that such a candidate will exists. However,
we feel that this gives rise to a tendency to nominate such a candidate. By this,
we mean that candidates close to this position have greater likelihood of
appearing, and if they appear, of winning the nomination.9 Hence, with an
R incumbent at y, the tendency is for the D party to nominate a candidate
located at q*(y) = max{x*(y),d}.10

Unfortunately, computation of q*(y) can be quite complicated. We can,
however, answer a related (and perhaps more interesting) question: which of the
two candidates is more likely to win?

From Eq. 2, we see that the candidate closer to m will probably (i.e., with
probability greater than 1/2) win the general election. Thus, the question is whether
the quantity y − m is larger than m − x*(y). If, in fact, y − m is larger, then the
challenger is closer to the mean than is the incumbent. In such a case, we say that
there is a centralizing tendency, and the challenger will probably win. If, on the
other hand, m − x*(y) is the larger, then there is a polarizing tendency and the
incumbent will probably win.

9We also believe our results are close to empirical reality in that, for example, we know that U.S.
senators of the same party from the same state customarily look virtually identical to one another
in voting behavior as judged by aggregate roll-call measures such as ADA Grofman et al. 1995.
This evidence suggests that, in a given constituency, we can expect that certain candidate
locations are advantaged in the primary of a given party; and ceteris paribus we would expect that
the “privileged” locations correspond to the preferences of the median voter in that primary.
10 Also, while our model posits two-party competition (and, thus, two-candidate competition) in the
general election, and is couched in terms of two-candidate competition in the primary, it can be
extended to the case ofmultiple primary candidates where the winner of the primary can be expected
to capture a near majority of the primary electorate. In a multicandidate plurality election, it is
possible for there to be a candidate location atwhich a candidate could (under the assumptionsweuse
about a two-stage electoral process and vote motivations therein) defeat any rivals in the primary
were there to be a paired competition (i.e., for there to be a Condorcet winner ), and yet, the plurality
winner of that primary might be located elsewhere. This could occur, for example, if there is more
than one candidate located near to (but not precisely at) the vote-maximizing location. Nonetheless,
our results are considerablymore robust thanmight first appear, in that voters to the left (right) of the
optimum candidate location in theDemocratic (Republican) primary, would vote for the candidate at
that location and, given the realities of contemporary U.S. politics, there are going to be a lot of such
voters (usually near a majority). Thus, if we extend the assumptions of our modeling to multiparty
competition, we should get far more stability for a two-stage process with forward-looking voters
than is found in the one-stage multicandidate simulation results of Cooper and Munger 2000.
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Theorem 2 There will be a centralizing tendency (and the challenger will probably
win) if y is greater than the smaller one of the quantities

2m� d and m� log 1� ασ
ffiffiffiffiffiffi
2π

p� �
2α

: (4)

There will be a polarizing tendency if y is smaller than both of these two
quantities.We should note that, in the second of the expressions (Eq. 4), the
logarithm (if it exists) will always be negative. On the other hand, the logarithm
does not exist for negative numbers or zero. In such a case, the second quantity is
to be treated as + ∞ and so the condition for a centralizing tendency is merely that
y > m − d.

In general, we see that, for this type of utility function, there is a polarizing
tendency if y is close to the median m, but there is centralizing tendency for larger
values of y. (In any case, D will probably not move left of its median position d.)
Heuristically, we interpret this as follows: if the R incumbent is very conservative,
then the left wing of the D party will place great importance on winning the general
election and might be willing to sacrifice its leftist principles in the hope that a
moderate D challenger may win. If, on the other hand, the R incumbent is very
moderate, the left wing of the D party will see little to be gained if a moderate
D candidate is elected, and sowill bemore insistent on getting a leftistD challenger—
even though such a challenger might have a relatively small probability of winning.

In case there is an incumbent from D, located at position x, this analysis can be
applied, mutatis mutandis, to the selection of the R nominee. In general, we will
find that, for a given x, there is a corresponding y*(x) such that, in the R primary, all
voters to the left of y* will vote their own preferences, while all those to the right of
y* will mask their preferences and vote for a candidate at y*. The tendency will
then be for the R party to nominate a challenger at min{r, y*(x)}, where r is the R
party median.

The condition for a polarizing vs a centralizing tendency is essentially the same
here, and Eq. 4 takes the form

x > max 2m� r;mþ log 1� ασ
ffiffiffiffiffiffi
2π

p� �
2α

( )
(5)

with the understanding once again that if the logarithm in Eq. 5 does not exist, then
Eq. 5 reduces simply to x > 2m − r.

2.2.2 Open seat

We consider next what happens when there is no incumbent, with each party
having a primary, held simultaneously. It is of course difficult to determine just
what one party’s voters know about the likely winner of the opposition primary. We
will however assume that, in effect, there is a very good system of publicly released
polls, so that voters in each primary vote with good information as to the
opposition’s likely nominee. Thus, each party nominates its candidate with an eye
to the opposition nominee.
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More precisely, we make the following assumption:

Assumption 5 Each party’s voters know the induced preferences of the other side.
In particular, they know the position of the other side’s median voter, and they
know that the other side has a tendency to nominate a candidate at this voter’s
induced preference.

We look here for equilibrium positions, (x#,y#), satisfying

x# ¼ max d; x* y#ð Þf g (6)

y# ¼ min r; y* x#ð Þf g (7)

where x* and y* are as above.
Now, for these equations, there are, essentially, four possibilities, as there are

two alternatives in each of the two equations. Two are of special interest and
depend to a large extent on the size of α and σ, and on the distance from the
population median, m, to the two party medians, d and r. Recall that α is small if
individuals place little importance on ideological purity, and that σ is small if the
electorate is very rigid. Then we have the following result: if the electorate is very
rigid, then the parties will tend to nominate candidates close to the population
median, m, at equal distance from m. If the electorate is volatile, then the parties
will tend to nominate candidates at their party medians, d and r.

Specifically,

Theorem 3 If

ασ
ffiffiffiffiffiffi
2π

p
� min 1� eα m�rð Þ; 1� eα d�mð Þ

n o
; (8)

then

x# ¼ m� μ; y# ¼ mþ μ (9)

where

μ ¼ � log 1� ασ
ffiffiffiffiffiffi
2π

p� �
2α

: (10)

If, on the other hand,

ασ
ffiffiffiffiffiffi
2π

p
� max 1� eα m�rð Þ; 1� eα d�mð Þ

n o
; (11)

then x# = d and y# = r.
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It may be of interest to note that, as the product ασ goes to 0, μ is
asymptotically equivalent to σ

ffiffiffiffiffiffiffiffi
π=2

p
. Thus, if the electorate is very rigid, or if the

party members have relatively little interest in ideological purity, Eq. 11 will take
the form

x# ¼ m� σ
ffiffiffiffiffiffiffiffi
π=2

p
; y# ¼ mþ σ

ffiffiffiffiffiffiffiffi
π=2

p
: (12)

Consider next the situation that arises if the two parties’ primaries are held on
different dates. Without loss of generality, let us assume that the R party primary is
held first. In that case, D’s problem—once the R nominee is known—will be as in
case (a) above, where an incumbent exists, and the tendency will be for D to
nominate a candidate located at the position q* = max{d, x*(y)}, where x*(y) is as
discussed above.

Consider then the decision to be made by an R voter. Whatever the position y of
the R nominee, he must expect that the D party will nominate someone at q*(y).
Then, for a voter at position t, his expected utility is given by

h y; tð Þ ¼ g q* yð Þ; y; tð Þ (13)

and thus, he will look for the y that maximizes h(y, t).

Then we have the following:

Theorem 4 Assuming the R party primary is held first, the tendency will be for
R to nominate a candidate at the same position y# as in the case of simultaneous
primaries. If this happens, then the D party tendency will be to nominate a
candidate at the same x# as in the case of simultaneous primaries.

In other words, simultaneous primaries and staggered primaries should give
the same results, though in practice the second party to choose will be better able to
take advantage of the first party’s errors.

Example 1 Consider the following very symmetric situation. Let F(t) = t; i.e., there
is a uniform distribution of voters along the spectrum so that m ¼ 1=2 . Assume
also that the two parties divide the spectrum equally, with D from 0 to 1/2 and
R from 1/2 to 1. In this case d ¼ 1=4 and r ¼ 3=4 . Let now σ = 0.05, and A = 4.
We then obtain μ = 0.174, so x# = 0.326 and y# = 0.674. Over the long run, there
will be a tendency for the parties’ nominees to approach these points. Note also that
an R incumbent between 0.5 and 0.674 will likely win, whereas one between 0.674
and 1 will probably lose.

Example 2 Let α = 10, and let all other parameters be as in Example 1. In this case,
the tendency will be toward the two party medians: x# = 0.25 and y# = 0.75.

Example 3 Suppose next that α = 2, and let everything else be as in Examples 1
and 2. Then we will have μ = 0.44, so that x# = 0.356 and y# = 0.644.
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We see from these three numerical examples that, as α decreases (so that
ideological purity becomes less important) the likely candidates will move toward
the median of the distribution.

Example 4 Finally, suppose σ = 0.025, while everything else is as in Example 1. In
this case, we will have μ = 0.072, so x# = 0.428 and y# = 0.572. We see that a
decrease in σ, corresponding to a greater rigidity in the electorate, will also cause
the candidates to move toward the median.

2.3 Dynamics of expected party shares in two-stage elections

We consider next the question of the expected split in the electorate, s–i.e., is s
arbitrary, or will there be a tendency for this s to move to some “natural”
equilibrium position over the long run? There are actually two possibilities,
depending on whether ασ is small or large (as discussed above).

2.3.1 An example to illustrate sequential dynamics of two-stage elections

Consider the following example.

Example 5 Suppose once again that there is a uniform distribution of the
population (F(t) = t), but that, for whatever reason, s = 0.6; i.e., theD party has 60%
of the population. Then the two party medians will be at d = 0.3 and r = 0.8.

ασis large. Suppose, first, that ασ is large. In that case, as seen in the earlier
discussion of the basic model, the tendency is for the two parties to nominate
candidates at the party medians. Then in the general election, the population will
probably split at the midpoint between these, that is, 0.55. TheD party will win, but
its share of the vote is only 55%, even though 60% of the voters are affiliated with
it. The reason is that, with such a large party, the moderate wing of the party will
begin to feel more in tune with the R party. How long they will remain within the
D party, is of course, another question.

Continuing with Example 5, it seems reasonable to expect that, if the two
candidates are, in fact, chosen to lie at x = d = 0.3 and y = r = 0.8, then, the D party
members located in the interval 0.55 ≤ t ≤ 0.6 will eventually become disenchanted
with D and hence, migrate to the R party. Thus, after a certain while we can expect
that the party split will be at s = 0.55.

This is not the end of the story, however. The point is that, with this change in
the split point s, the two party medians will also change, so that d will now be at
0.275 while rmoves to 0.775. As ασ is still assumed to be large, the candidates will
be chosen at the two party medians, and the vote split will now be at 0.525. But this
means thatD voters in the interval 0.525 ≤ t ≤ 0.55 will be unhappy with their party,
and once again we can expect them to migrate to R. This process will continue until
the parties split at s = 0.5.

In the more general case, we look for a split point, s, which will cause party
members to vote for their own party’s nominee. Still assuming that ασ is large, the
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nominees will tend to be located at the two party medians, d and r, respectively. We
then have the relations

F dð Þ ¼ F sð Þ
2

(14)

F rð Þ ¼ F dð Þ þ 1

2
(15)

s ¼ d þ r

2
: (16)

These three equations can be solved for the three unknowns. Thus, the split
point s, which had been assumed as a given (exogenous) in the previous section of
this paper, has a natural (endogenous) value.

ασ is small. Suppose, on the other hand, that ασ is small. Then, by Theorem 5,
the tendency will be for the parties to nominate candidates at positions x* = m − μ
and y* = m + μ. If in fact the nominees are at these two positions, then everyone to
the left of m will vote D (because such voters are closer to x* than to y*), and
everyone to the right of m will vote R. In such case, there will be (as mentioned
above) a very close election. More interesting is that, as people generally try to be
in the party with the more compatible candidates, we can expect that the parties will
split at the population median; i.e., the tendency will be for a natural party split at
s = m. The parties will tend to be of equal size.

2.3.2 Additional examples of election dynamics for two-stage elections

Example 6 Suppose the population distribution is given by F(t) = t2. In this case,
there is a concentration of voters on the right side of the spectrum, and indeed, we
find the median to be located at m = 0.707. As mentioned above, we obtain a
natural value s = m = 0.707 if ασ is small.

Suppose however that ασ is large in this example. Eqs. 14, 15, 16 now take the
form

s2 ¼ 2d2

r2 ¼ d2 þ 1
2

s ¼ dþr
2

These have the solution d = 0.462, s = 0.653, r = 0.845. Note that the split point
is considerably to the left of the median; i.e., the R party will tend to be
considerably larger than D. Thus, the concentration of voters on one side of the
spectrum will tend to help the party on that side.
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Example 7 Suppose

F tð Þ ¼ 0:2þ t;
1;

for 0 � t � 0:8
for t � 0:8

�

This corresponds to a large block of voters (20%) at the left extreme and
otherwise a uniform distribution for the remaining voters. In this case, the median
voter is at m = 0.3. Application of Eqs. 14, 15, 16 will give us s = 0.3, d = 0.05, and
r = 0.55. Thus, the parties are of equal size, and concentration of voters at the left
end of the spectrum does not help D.

Example 8 Suppose

F tð Þ ¼ 0:3þ t;
1;

for 0 � t � 0:7
for t � 0:7:

�

In this case, the median voter is at m = 0.2, and Eqs. 14, 15, 16 will give us
s = 0.233, d = 0, and r = 0.467. In this case, D will be the larger party and we
conclude that the advantage lies, not so much in having a concentration of voters,
but in having a concentration of voters between the party mean and the population
mean.

Conclusion

The aim of this paper has been to extend the standard Downsian model of party
competition to make it more realistic both in its assumptions and in its results. To
make it more realistic in its assumptions, we have allowed for an important
institutional feature of many U.S. elections, a two-stage process with both a
primary and a general. Moreover, by allowing primary voters to care both about
what policies candidates espouse and the likelihood that a candidate will win the
general election, we have avoided the peculiar dichotomy of the standard
Downsian approach wherein voters are posited to care only about their policy
proximity to the candidates at the same time that candidates are posited to care only
about winning.11

The simple modification of recognizing the two-stage nature of much of U.S.
electoral politics leads us to expectations about party competition that are much
more in line with what is actually observed in the electoral arena.

First, in our model we almost always get nonconvergence—with the most likely
result, the location of the winning candidates of each party near their own party
medians, perhaps slightly shifted toward the preferences of the overall median
voter. This theoretically derived expectation squares very well with the empirical
studies of candidate/party divergence such as Shapiro et al. 1990. Of course, as
noted earlier, there are numerous other models that also give rise to expectations of
nonconvergence (see, e.g., Alesina and Rosenthal 1995; but these models do not as

11Wittman 1973, 1977 and numerous subsequent authors have modified the standard model to
permit candidates to care both about winning and about policy. Models of strategic voting Black
1978, Cain 1978 permit voters to care about candidate’s chances of winning.
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readily allow for modeling the dynamics of change in the size of party support
coalitions, nor are they motivated by a realistic modeling of a key institutional
feature of party competition in the U.S., that is, the existence of party primaries.
Moreover, our model allows us to account for seemingly perverse outcomes such
as that in which a political party paints itself into an ideological corner that dooms it
to continued minority status because its voters maintain an emphasis on ideological
purity that prevents them from nominating a candidate with policies with more
appeal to the median voter than the policies offered by the candidate of the
opposing party, and we get different results about the likelihood of convergence in
cases with an incumbent than we do for cases involving open seats.

Second, in general, we get incumbency advantage (as long as there is some
concern among voters in the “out” party for the policy outcomes that their
candidate will espouse). While there has been a great deal written about reasons for
incumbency advantage such as name recognition and access to various perquisites
of office, as far as we are aware of, none of the standard spatial models of party
competition give any particular advantage to incumbents.12 Indeed, the standard
Downsian model applied to multidimensional competition implies that incumbents
are always vulnerable to defeat.13

Third, our model permits an explanation for the success of a candidate of a party
whose affiliates are a minority of the electorate, based on the potential for a
minority party whose voters are more ideologically concentrated to field the
candidate who is closer to the overall median voter. In particular, we show an
advantage to a party with a concentration of voters between the party mean and the
population mean (Examples 7 and 8).

Certainly, the model we have offered is far from the last word, but it is a quite a
flexible one, as we have illustrated via a number of examples.

Appendix A

Lemma 1 Under Assumption 1, the function g(x, y, t) is continuous in x.

Proof Given the continuity assumptions on both u and p, it is clear that we need
worry only about continuity at x = y. Now, Eq. 1 tells us that g(x, y, t) is a weighted
average of u(x, t) and u(y, t). Thus, g(x, y, t) must approach u(y, t) whenever u(x, t)
does so, i.e., whenever x approaches y. But also from Eq. 1,

g y; y; tð Þ ¼ u y; tð Þ: (17)

Thus, g(x, y, t) → u(y, t) as x → y, and g is continuous in x.

Lemma 2 Suppose that y > t. Then, under Assumption 1, the function g(x, y, t) will
achieve its maximum (in x, for fixed y and t) at some x* ∈ [t,y).

12 Feld and Grofman 1991 is a partial exception; they model the consequences of incumbency
advantage but do not treat incumbency advantage as endogenous.
13 In multidimensional voting games, no core is expected McKelvey 1976; in the absence of a
core position at which to locate, the incumbent, whose position is presumably more or less frozen,
can be defeated by a challenger who offers a policy platform that is located in the incumbent’s
win-set—at least, if we neglect the complication of partisan biases or incumbency benefit of the
doubt affecting voter choices Adams et al. 2006, Feld and Grofman 1991.
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Proof Let us rewrite Eq. 1 as

g x; y; tð Þ ¼ u x; tð Þ � u y; tð Þð Þp x; yð Þ þ u y; tð Þ (18)

which gives us, also,

g t; y; tð Þ ¼ u t; tð Þ � u y; tð Þð Þp t; yð Þ þ u y; tð Þ
If, now, x < t, we have (by Assumptions 1)

u t; tð Þ � u y; tð Þð Þp t; yð Þ > u t; tð Þ � u y; tð Þð Þp x; yð Þ > u x; tð Þ � u y; tð Þð Þp x; yð Þ
and so

g t; y; tð Þ > g x; y; tð Þ:
Thus, g cannot be maximized by any x < t.
Note next, as in the proof of Lemma 1, that g(x, y, t) is a weighted average of

u(x, t) and u(y, t). Thus, in particular, g(t, y, t) is a weighted average of u(t, t) and
u(y, t). Moreover, g(y, y, t) = u(y, t). As u(t, t) > u(y, t), we will have

g t; y; tð Þ > u y; tð Þ;
and we see that the maximum cannot be at x = y.
Furthermore, note that, for x ≥ y > t, we will have u(x, t) ≤ u(y, t). Thus, g(x, y, t),

as a weighted average of u(x, t) and u(y, t), cannot be greater than u(y, t) and is
therefore, smaller than g(t, y, t). Thus, the maximum cannot be at any x ≥ y.
Together with the fact that g is continuous in x, this guarantees a maximum at some
x* in the interval (t, y).

Theorem 1 Assuming αand σfixed, then, for a given position y of the incumbent,
there exists a position x*(y) such that the utility-maximizing D voter located at
t will prefer the D candidate to be in the position max{t, x*(y)}.

Proof We have (as given above)

g x; y; tð Þ ¼ e�α x�tj j Φ
xþ y� 2m

2σ

� �
þ e�α y�tj j Φ

2m� x� y

2σ

� �
:

To maximize this, we recall that, by Lemma 2, (assuming t < y), the maximizing
x will be some x* ∈ (t, y). With this assumption, |x − t| = x − t and |y − t| = y − t.
Then, differentiation of g gives us

@g

@x
¼ �αe�α x�tð Þ Φ

xþ y� 2m

2σ

� �

þ 1

2σ
e�α x�tð Þ � e�α y�tð Þ

� 	
ϕ

xþ y� 2m

2σ

� � (19)
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Setting this derivative equal to zero, we obtain

2ασΦ
xþ y� 2m

2σ

� �
¼ 1� eα x�yð Þ

� 	
ϕ

xþ y� 2m

2σ

� �
(20)

It should be noted that t does not appear in the expression Eq. 20. Thus, it is
possible (at least numerically) to solve Eq. 20 for x as a function of y (α and σ being
fixed parameters). It may be proved that this x is unique. Let, then, x*(y) be the
solution of Eq. 20. If this x* ≥ t, then we find that g increases as x increases from t to
x*, and then decreases from x* to y. Thus, this x*(y) will maximize g.

Of course, it may turn out that this expression (Eq. 20) yields x* < t. If so, then
the expression for ∂g/∂x is incorrect (some signs are wrong) and we find that g
decreases as x increases from t to y. Then the maximizing value for x will actually
be at t. (This happens if t is sufficiently close to y.)

We conclude that the utility-maximizing D voter located at t will prefer the
D candidate to be in the position max{t, x*(y)}.

Theorem 2 There will be a centralizing tendency (and the challenger will probably
win) if y is greater than the smaller one of the quantities

2m� d and m� log 1� ασ
ffiffiffiffiffiffi
2π

p� �
2α

: (21)

There will be a polarizing tendency if y is smaller than both of these two
quantities.

Proof Assume, first of all, that y > 2m − d. We know that (by definition) g* ≥ d.
Thus,

m� q * � m� d ¼ 2m� dð Þ � m < y� m

and there is a centralizing tendency.
Suppose, next, that y < 2m − d. To better understand the situation here, let us

consider the equation

Φ νð Þ ¼ wϕ νð Þ (22)

where Φ and φ are the normal distribution and density function (defined above),
respectively.

If we restrict this to positive values of w, some analysis will show that Eq. 22
gives ν as a monotone increasing function of w, with v→ − ∞ as w→ 0; ν = 0 when
w ¼ ffiffiffiffiffiffiffiffi

π=2
p

. As w → + ∞, ν will behave asymptotically as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 logw

p
.
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Now, we can see that Eq. 22 is equivalent to Eq. 20 if we set

ν ¼ x*þ y� 2m

2σ
(23)

and

w ¼ 1� e�α x*�yð Þ
2ασ

(24)

and of course Eq. 23 can be rewritten as

m� x* yð Þ ¼ y� m� 2νσ (25)

We see that, if ν < 0, then m − x*(y) > y − m; i.e., there is a polarizing tendency,
and theD party will nominate someone who is farther from the medianm than the R
incumbent. If ν > 0, then there is a centralizing tendency. Now the condition for
ν < 0 is that w <

ffiffiffiffiffiffiffiffi
π=2

p
. Unfortunately, it is not trivial to determine w as (by

Eq. 24) it also depends on x*. However, some slight analysis will show that (due to
the monotonicity of ν in w), the sign of ν will be unchanged if we replace x* in
Eq. 25 by 2m − y (which would correspond to m − x* = y − m). If so, then we can
replace w by

w ¼ 1� e2α m�yð Þ

2ασ
(26)

And we conclude that there is a polarizing tendency if w <
ffiffiffiffiffiffiffiffi
π=2

p
. We note

that this condition can be rewritten as

y < m� log 1� ασ
ffiffiffiffiffiffi
2π

p� �
2α

(27)

and (still assuming that y < 2m − d) we conclude that the condition for a polarizing
tendency is that Eq. 27 hold. There will be a centralizing tendency otherwise. (Note
that the logarithm in this expression, if it exists at all, is negative. If the logarithm
does not exist, then Eq. 27 is assumed to hold.) Note moreover that, when there is a
polarizing tendency, then the incumbent will probably win; with a centralizing
tendency, the challenger will probably win.

Theorem 3 If

ασ
ffiffiffiffiffiffi
2π

p
� min 1� eα m�rð Þ; 1� eα d�mð Þ

n o
; (28)

then

x# ¼ m� μ; y# ¼ mþ μ (29)
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where

μ ¼ � log 1� ασ
ffiffiffiffiffiffi
2π

p� �
2α

: (30)

If, on the other hand,

ασ
ffiffiffiffiffiffi
2π

p
max 1� eα m�rð Þ; 1� eα d�mð Þ

n o
; (31)

then x# = d and y# = r.

Proof We look here for equilibrium positions, (x#, y#), satisfying

x# ¼ max d; x* y#ð Þf g (32)

y# ¼ min r; y* x#ð Þf g (33)

To solve this, let us assume, first, that in both Eqs. 32 and 33, the second
alternative holds: x# = x*(y#) and y# = y*(x#). Then Eq. 25 must hold, and by
symmetry,

m� y* xð Þ ¼ x� m� 2νσ (34)

must also hold. This means that ν = 0. But then w ¼ ffiffiffiffiffiffiffiffi
π=2

p
, and moreover,

y# − m = m − x#. Letting the common value of these two quantities be μ,
we have (from Eq. 30)

1� e�2αμ ¼ ασ
ffiffiffiffiffiffi
2π

p
(35)

and then

x# ¼ m� μ; y# ¼ mþ μ

where μ is as in Eq. 30.

Two things could conceivably go wrong with Eqs. 29, 30. For one thing, we
might be taking the logarithm of a negative number or 0; for another, the μ obtained
might be too large, so that m − μ < d, or m + μ > r. Some analysis shows that, to
avoid this, we must have

ασ
ffiffiffiffiffiffi
2π

p
� min 1� eα m�rð Þ; 1� eα d�mð Þ

n o
; (36)

Assuming, on the other hand, that

ασ
ffiffiffiffiffiffi
2π

p
� max 1� eα m�rð Þ; 1� eα d�mð Þ

n o
; (37)
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then we will have both m − μ < d, and m + μ > r. In this case, we see (by
monotonicity of ν) that

y* dð Þ > y* m� μð Þ ¼ mþ μ > r

and so

min y* dð Þ; rf g ¼ r: (38)

By a similar argument,

max x* rð Þ; df g ¼ d; (39)

and so x# = d and y# = r.

There is, finally, the possibility that ασ
ffiffiffiffiffiffi
2π

p
lies between the min and the max

of the two numbers in Eqs. 28 and 31. In that case, one of x# and y# is at the median
point (d or r) while the other is given by Eq. 29. This can only hold if the situation
is quite asymmetric. We will omit the details of this last case.

Theorem 4 Assuming the R party primary is held first, the tendency will be for R to
nominate a candidate at the same position y# as in case of simultaneous primaries.
If this happens, then the D party tendency will be to nominate a candidate at the
same x# as in the case of simultaneous primaries.

Proof As mentioned above, we must here consider the decision to be made by an R
voter. Whatever the position y of the R nominee, he must expect that the D party
will nominate someone at q*(y). Then, for a voter at position t, his expected utility
is given by

h y; tð Þ ¼ g q* yð Þ; y; tð Þ (40)

and thus he will look for the y that maximizes h(y, t).

Differentiating, we obtain

@h

@y
¼ @g

@y
þ @g

@x

dq*

dy

� �
(41)

Suppose first that ασ is small, so that Eq. 28 holds. Then x#, y# are given by
Eqs. 29, 30, and x# = x*(y#) > d. Substituting y = y# and x = x# in Eq. 41, we see
that both ∂g/∂y and ∂g/∂x equals 0 and so ∂h/∂y = 0.

Suppose, on the other hand, that ασ is large, so that y# = r, x# = d. In this case,
dq*/dy = 0 throughout some neighborhood of y#, and so ∂h/∂y = ∂g/∂y. Thus the
same y that maximizes g also maximizes h. But this is precisely y#.

Appendix B. On the problem of strategic primary voting

We are interested here in the problem of voter behavior in primaries. The
assumption is that there is an R incumbent at position y. Assume further that, in the
D party primary, there is a candidate at q*(y), and another at a different position l.
Under what circumstances will there be a majority for the candidate at l?
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As mentioned above, q* = max{d, x*(y)}. We will therefore consider the two
cases (a) q* = d and (b) q* = x*.

(a) Suppose, first, that q* = x* ≥ d. As discussed above, all D voters with t ≤ x*
will have x*(y) as their preferred primary position. But as the party median d ≤ x*,
this means that at least half the D voters will be located at some t ≤ x*. It follows
that in such a case a candidate at x* will defeat any other D candidate. Thus, in this
case, strategic primary voting will have no effect on the outcome.

(b) Consider, then, the case q* = d > x*(y). Suppose there is a D candidate at d,
and another at l. There are two sub-cases, depending on whether l is (1) greater than
or (2) smaller than d.

(1) We first look at the sub-case l > d. As in the discussion of the proof of Theorem
3, above, we note that, for all t < x*, g increases as x goes from t to x*, and then
decreases from x* to y. Thus all the voters at these positions t < x* prefer d to l.
Similarly, for x* ≤ t ≤ d, g decreases as x goes from t to y. Thus, all of these
voters will also prefer d to l. Thus, at least half the voters prefer d to l, and thus,
d will defeat l.

(2) We are left with the sub-case l < d. It is in this case that strategic primary voting
can be effective. In fact, suppose that x* ≤ l < d. As in sub-case (1), we find that
for voters located at some t ≤ l, g decreases as x goes from t to y, Thus, all such
voters will prefer l to d. Moreover, some of the voters slightly to the right of
s will also prefer s to d. Thus, l will be preferred to d by all voters at t < h,
where h is somewhere between l and d, closer to l than to d. Of course, d is the
median of the D party, so the voters to the left of h cannot be a majority. On the
other hand, D voters who are close to y might also prefer l to d. A necessary
(but not sufficient) condition is that 2t > y + l.

Thus, in this sub-case, there may be a majority (in the D primary) for the
candidate at l. This will be a heterogeneous majority, consisting on the one hand of
voters on the left, who would like l to win the general election, and on the other of
voters on the right, who merely want l to win the primary so as to guarantee y’s
victory in the general election. It is not however clear that this type of coalition can
last for more than one or two elections: after a while the two sides of the coalition
will realize that each is using the other for its own purposes. If the candidate at
l goes on to win the general election, the right part of the coalition will be horrified
at what it’s done, and may well decide to leave the D party for R. If, as is more
likely, the candidate at l loses, it is the left wing that will be upset (will in fact
complain about the right wingers’ cynicism) and refuse to deal with the right wing
again.

In general then, we suggest that strategic primary voting, though it may occur
once in a while, cannot be viable as a recurring phenomenon.
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