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WHY THE INFINITE DECISION PUZZLE IS PUZZLING

ABSTRACT. Pulier (2000. Theory and Decision 49: 291) and Machina (2000.
Theory and Decision 49: 293) seek to dissolve the Barrett-Arntzenius infinite
decision puzzle (1999. Theory and Decision 46: 101,. The proposed dissolutions.
however. are based on misunderstandings concerning how the puzzle
works and the nature of supenasks more generally. '.Ve will describe the puzzle
in a simplified form. address the recent misunderstandings. and describe possible
morals for decision theory.

KEY WORDS: Dutch book.Supenask.Puzzle

In two recent papers Pulier (2000) and Machina (2000) sought to
dissolve the Barrett-Arntzenius infinite decision puzzle (1999).
Pulier argues that the infinite decision puzzle relies on the assumption that a particular infinite sum is well defined when it is not. And
Machina arguesthat supenaskslike the one described by Barrett and
Amtzenius do not lead to well defined states. Both of these arguments. however. are based on misunderstandingsof how the puzzle
works. We will first describe the infinite decision puzzle in a simplified form. Then we will addressthe misunderstandings.Finally, we
will describe possible morals for decision theory.

II
The bank has an infinite stack of dollar bills with serial numbers
from the top of the stack down: #1, #2, #3, ... The bank offers an
agent a choice between two options:
A. Receive the top three bills from the bank's stack, then return to
the bank that bill from the set of bills the agent currently holds
that has the lea.~tserial number. Once the agent returns a bill to
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the bank, the bank keepsit, and the agentwill neverbe given
that particularbill again.
Or
B. Receive the top bill from the bank's stack.
Option A nets the agent $2 each time he chooses it, and option B
nets $1, so the agent should presumably always choose option A.
But if the bank offers the agent this choice at t = 1/2, t = 3/4, t =
7/8, t = 15/16. ..., etc. (where t is the time in minutes, say, from
the start of the game), an agent who always opts for A would have
no money after one minute since for every serial number k, there is
a time t = (2k - I) /2k before t = 1 whentheagentwouldhave
to return the bill with serial number k the bank. On the other hand,
the agent who always opts for B would have all of the bank's money
after one minute. Thus, the agent who acts in a stepwise rational way
at every step ends up worse off than the agent who acts in a stepwise
irrational way at every step. And this is the infinite decision puzzle.

III

The infinite puzzle has nothing to do with the sum of the wealth
of the agents; rather, it concerns the specific bills that they possess.
This is an important distinction becausethe sum of the wealth of the
agent who always opts for A

($3 - $1) + ($3 - $1) + ($3 - $1) +
fails to be well defined (since one can get any final wealth one wants
by suitably ordering the tenDs in the sum). But which bill the agent
has at each time is perfectly well defined. That is, the infinite decision puzzle concerns keeping track of each bill in an infinite stack
of bills, and this poses no special problems. One can keep track of
each bill before, during, and after the minute that contains all of the
agent's transactions with the bank. Indeed, if one wishes, one can
stipulate a perfectly detenninate and continuous physical trajectory
for each bill at all times.
If the agent always opts for A, the space-time trajectories of the
first nine bills might look something like Figure 1. Note that each
bill in the figure follows a well-defined trajectory at all times and
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ends up in the bank after I min. Funher, it does not take much
imagination to see ho"' one could similarly provide a perfectly determinate. con(inuous trajectory for every bill in the bank's stack.
The poin( here is jUS(that one can tell a perfectly coherent physical
S(or)""'here (here is a de(enninate. well-defined physical state at all
times for an agent who always opts for A, and on this story. the bank
has all of the bills atter I min. One can. of course, also tell a physical
story that is no less determinate where an agent who always opts for
B ends up with all of the bills after I min.
There is nothing mysterious about the fact that the infinite sum
of wealth is undefined tor an agent who always OP(Sfor A while
the physical trajectories of the individual bills are perfectly well
defined at all times. The physical trajectories provide a more faithful
represen(ationof the eventsthan the infinite sum; they contain mathematical s(ructure tha( the sum lacks. Since the bill trajectories are
well defined when the infinite sum is not. the physical trajectories
of the bills can detem1inethe final wealth of an agent in situations
where the infinite sum fails to detennine the final wealth of the
agen(.
There is another way to think about this infinite-sum business.
One migh( a( first think that one could that an agent who always
opts for A would have an infinite amount of money after I min.
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by taking an infinite sum. For instance one might argue that for all
finite n. after n stagesone has 2n dollars, and that hence. it follows
that after 1 min.. when there have been an infinite number of stages,
one will have an infinite number of dollars. However, this argument
presupposescontinuity of the wealth function at t = I, and it is not
continuous. Alternatively one might try writing the agent's wealth
as the infinite sum above, lhen claim that this sum is infinite and
that the agent will consequently have an infinite amount of money
after I min. But this argument also fails since. as Pulier points out.
!\uch !\ums fail to be well defined. One might make such a !\um well
defined by s(ipulating a particular ordering of the operations (by taking the limit of a panicular sequenceof panial sums, for example),
hut then. at best. one would be back at the previous bad argument
where one must a.~!\umetha( tha( (he wealth function is continuous
at t
I. But. of COUf!\e.
none of this meansthat the agent does
not have a perfectly well-defined wealth after 1 min.: rather, what it
meansis that the !\tandardways of calculating the agent's wealth can
fail to work if the wealth function i!\ discontinuous. We know that
the wealth func(ion is discontinuous here becausewe know from the
physical model that the agent will return every bill to the bank before
one minute. The physical model that shows this is counterintuitive,
but it is al!\o perfectly coherent.
It is the existence of coherent model of the transaction!\, not a
well-defined infinite sum of wealth, that the infinite decision puzzle
requires for its coherence. Since the puzzle itself ha.~nothing whatsoever to do with infinite sums of wealth. Puliers (2000) argument
that the puzzle is flawed since it relies on a mathematical mistake
i!\ it!\elf mistaken. Indeed. Pulier seems to misunderstand the most
imponant feature of the puzzle: what makes the infinite decision
puzzle puzzling is that one's intuitions concerning the stepwise accumulation of wealth and how this is faithfully repre!\entedby the
arithmetic of wealth are radically mistaken when one considers the
possibility of an infinite number of transactions involving an infinite
!\upply of individuated goods.
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Machina's(2000) complaint is relatedbut somewhatdifferent He
seemsto have understoodthat the infinite puzzle requiresthe determinateness
of physical statesrather than the determinateness
of
infinite sums of wealth. But he arguesthat the infinite decision
puzzle involves indeterminatesequencesof physical states.More
specifically.Machina arguesthat the final stateis not determinate.
The main argumentis an argumentby analogy.
A supertaskis a taskthat requiresan infinite sequenceof stepsto
completebut is completedin a finite time. Machinaconsiderstwo
supertasksthat fail to yield determinatefinal states.thenarguesthat
the supertaskinvolvedin the infinite decisionpuzzlewhentheagent
alwaysopts for A similarly fails to yield a determinatefinal state.
The problem with this argumentis that while somesupertasksdo
indeedfail to yield determinatefinal states.othersyield perfectly
determinatefinal states.and the supertaskthat involves the agent
~'ho alwaysopts for A is one of this the latter sort: it is a supertask
that yields a perfectlydeterminatefinal state.
One supertaskthat yields an indeterminatefinal stateis the famous ThomsonLamp Puzzle.On this story.the Thomsonlamp gets
turned on and off and on faster and faster (off at 1/2 min.. on at
3/4 min.. off and 7/8 min.. etc.). thenone askswhat the stateof the
lamp is at the end of one minute. Machinanotesthat therecan be
no determinatefinal state for the lamp. then concludesthat there
can thusbe no determinatefinal statein the infinite decisionpuzzle
~'henan agentalwaysopts for A.
In orderto seeclearly thedisanalogybetweenthis andthe infinite
decisionpuzzle.one might considerwhat we will call the Thomson
Bill Puzzle.On this story thereis just onedollar bill that getspassed
back and forth betweenthe bank and the agent.The bank givesthe
bill to the agentat t = 1/2 the agentreturnsthe bill to the bank at
t

=

3/4. the bank gives the bill back to the agent at t

=

7/8. etc.

Who thenhaspossession
of the bill after one minute?(Figure2).
The ThomsonBill Puzzleis appropriate1ydissolvedby noting
that there is no well defined physical state at I min. or beyond.
While onecaneasilyprovidea perfectlydeterminateandcontinuous
physicaltrajectoryfor the bill for timesbefore I min.. therecan be
no continuoustrajectory that satisfiesthe constraintsof the story~

44

JEFFREY A. BARRElT

AND FRANK ARNTZENIUS

AGENT

BANK
Fi,l;'ure2.

..1
t=7/8

1=3/4

J

1:1/2

t-o

BANK
fIgure 3.

AGENT

""HY THE l1ItrL~

DECISION PUZZLE IS PUZZLING

45

and continues bey'ondI min, But while Machina is certainly right to
conclude that some supertasksfail to yield detenninate final states,
one should not conclude that all supertasksfail to yield final states,
Consider what one might call the Achilles Bill Puzzle. Here there
is again a single dollar'bill, but this time the bank decides to deliver
it to the agent in steps. The bank pushesthe bill half of the distance
to the agent at t = 1/2 half of the remaining distance at t = 3/4,
half the remaining distance at t = 7/8, etc. Does the agent get the
bill? (Figure 3).
Here, unlike the Thomson bill, one can provide the Achilles bill
with a perfectly detenninate, continuous trajectory for all times (before. during, and after I min. that satisfies the constraints of the
story. And it turns out, of course, that the agent has possessionof
the bill from I min. on.
Some superta.~ksthen do yield detenninate final states. But it is
not this that entails that an agent always opting for A in the infinite
decision puzzle yields a determinate final state. Rather, it is that each
of the bills in the infinite decision puzzle, just as with the Achilles
bill, can be given a perfectly detenninate, continuous trajectory for
all times that satisfies the constraints of the story. The upshot is
that while Machina is right to believe that some supertasks fail to
yield determinate final states,this fact is ultimately irrelevant to the
coherenceof the infinite decision puzzle.!
Given that the infinite decision puzzle emerges from recent criticisms unscathed, what does this mean for decision theory? One
might get some insight into what morals to draw by considering the
conditions for telling the puzzling story in the first place.
As Machina correctly argues,the infinite decision puzzle does not
require that there be infinite potential wealth. More specifically, one
can certainly tell a similarly puzzling story with finitely bounded
total utility. Suppose,for example, that while each additional bill has
positive marginal utility for the agent, each additional bill has less
marginal utility so that having all of the bills has finite total utility.
There is still a puzzle for our notion of stepwise rational action here.
But there is a deeper point concerning the role played by wealth.
As we have seen, the infinite puzzle has nothing what~oever to do
with wealth in the abstract sense;rather, it has to do with the transaction of identifiable goods. What the puzzle apparently requires
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is that there be a potentially infinite supply of such goods and a
potentially infinite numberof possibletransactions.If this is right,
thenonecanavoidthepuzzleby only requiringthatone'saccountof
rationaldecisioncoversituationswherethereareonly finite number
of identifiablegoodsor situationswherean agentknowsthat he will
neverbe presentedwith an infinite sequenceof decisions.
More generally,telling a story like ours requiresone to assume
things about the structureof the physicalworld and the natureof
agents,If therewerean upperboundto the total energyof any physical system.then one would still be able to tell an infinite decision
story that works, but it must be considerablymore subtlethan the
stor)'told above(onemight, for example,stipulatethat eachbill the
bank givesthe agentis left closerto the boundarybetweenthe bank
and the agentso that lessenergyis requiredto returneachbill and
the total energyto retum all of the bills remainsfinite). But if there
were also somepositive lower boundto the energyrequiredfor an
agentto deliberateat eachstep,thenit very well might be impossible
to tell a consistentstory that supportsthe puzzle.
Onecould thenavoidthe infinite decisionproblemby stipulating
that our world is suchthat supertasksof the sort neededto support
the infinite decision puzzle are in fact impossible.Or, somewhat
v.'eaker.one might stipulatethat while supertasksof this sort might
be in principle possible,our world is such that agentswill in fact
neverface sucha decision-makingpuzzle.The problem,of course,
is that it remainsan interestingquestionasto whethersuperta.~ks
of
the sort neededto supportthe infinite decisionpuzzlecan occur in
our world andwhetherthereis any sensein which an agentmight in
fact be facedwith sucha puzzle.The largermoral is that whetheror
not a particularaccountof decisiondeservesto be calledan account
of rationaldecision,v.'hetherit will in fact leadto successfulaction
in the long run, ultimately dependson specificdetails concerning
the natureof agentsandthe physicalworld they inhabit.
One way to think about supertaskpuzzlesin the contextof the
studyof our physicaltheoriesis that they provide situationswhere
local conservationlaws are satisfiedbut the correspondingglobal
conservationlaws fail. Our puzzleextendsthis by providing a situation where local rationality holds but global rationality fails. The
very possibility of therebeing a coherentaccountof both local and

WHY THE INANITE

DECISION PL'ZZLE IS PUZZLlNC

147

global rationality may requireoneto assumethat the relevantsort of
supertasksituationscan neverin fact occur in our world.

NOTES
For the record. the Thomson Lamp doe!; not yield a determinate final stale nor
does Machina's story where one writes the natural numbers on the blackboard
and keeps moving the list down so thal the largest number is always at the
top. But Machina also tells a story where a guest at the Hilbert Hotel is moved
from room to room in numerical order faster ar.d fasler and concludes that
lhis supertask fails to yield a well-defined final state. Curiously. a version of
this supertask can be given that yields a perfectly determinate final physical
stale. John Earman and John Norton (1996) discuss such situations. For a brief
introduction to the vast literature concerning supertasks and their physical
possibililY see Jon Perez Laraudogoitia's survey article (2000).
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