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Abstract
This paper develops a new spectral approach to the estimation of the number of latent
factors in large dimensional factor models. It shows that by imposing restrictions on the error
terms we can derive a consistent procedure with improved finite sample performance in the
presence of weak factors. The paper uses free probability theory to derive analytic expressions
for the limiting moments of the spectral distribution, which greatly simplifies the computational
burden. The new approach performs very well in a series of Monte Carlo simulations against
the leading competing approaches. This procedure is also shown to provide realistic estimates of
the number of latent factors in applications of factor models to asset pricing and data reduction
of macroeconomic indicators.
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1.

Introduction

Factor models are an important tool of modern economics and finance and relate observed
data to a small set of unobserved variables, which are then estimated. While factor models
have been used for almost a century, classical econometric methods were developed under the
assumption that the time dimension grows large while the cross-section dimension is small and
bounded. In applications where both the number of individuals and the number of time periods
is large, standard econometric approaches become unreliable for the estimation of the number of
factors. As a result the development of new econometric procedures for the estimation of highdimensional factor models is an active area of research (Bai and Ng, 2002; Stock and Watson,
2005; Hallin and Liska, 2007; Onatski, 2009, 2010, 2012; Doz, Giannone and Reichlin, 2012).
This paper develops a new technique for the estimation of the number of factors in large N ,
large T approximate factor models by relating the identification and estimation of the number
of factors to the asymptotic behavior of sample eigenvalues of large random matrices, thus
providing a connection between economics and the new mathematical field of Random Matrix
Theory.
Existing approaches to the estimation of the number of factors often have poor finite sample
properties, especially in situations where the factors are “weak” and do not strongly dominate
the noise component (Ouysse, 2006; Boivin and Ng, 2006; Uhlig, 2008; Bai and Ng, 2008;
Onatski, 2012). Factor models continue to be used in many applied settings and the central role
they play in finance only serves to strengthen the need for new estimators with improved finite
sample performance.
This paper introduces a new approach to the consistent estimation of the number of factors by imposing restrictions on the time and spatial correlation patterns of the error terms.
It assumes that the correlation patterns only depend on a low dimension vector of unknown
parameters, which can be estimated from the data. We introduce a stopping rule for counting
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the number of factors by relating the moments of the sample eigenvalue distribution of the data
covariance matrix to the parameters describing the pattern of time and spatial correlations. We
show that the moments of the eigenvalue distribution can in fact be derived analytically from
the model assumptions using properties of noncommutative random variables, thereby greatly
simplifying the computational burden. This is the first application of free probability theory of
noncommutative random variables in econometrics.
Monte Carlo evidence shows that covariance restrictions can greatly improve the finite sample performance in the presence of weak factors, while remaining robust to some degree of
misspecification. The method also performs well when applied to the estimation of the number
of factors in financial and macroeconomic data.
The rest of the paper is structured as follows. Section 2 introduces the approximate factor
model and explains the assumptions underlying our approach. Section 3 presents a consistent
procedure for the estimation of the number of factors in high-dimensional models using the
moments of the sample eigenvalues of the data covariance matrix. Section 4 shows how free
probability theory can be applied to derive the spectral moments analytically from the model
assumptions in the presence of both time and spatial correlations. Section 5 compares the finite
sample performance of the proposed estimator to that of two competing methods in a series of
Monte Carlo designs. Section 6 applies the new estimation procedure to two realistic examples
in finance and macroeconomics. Section 7 concludes. Additional background on free probability
theory as well as more technical derivations and additional simulation results are found in the
online appendix.

2.

Approximate Factor Model

Consider the following large (N, T ) panel data model with latent factors:
(1)

Rt = ΛFt + Ut ,
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for t = 1 . . . T . Rt is an N × 1 vector of observations, Ft is a p × 1 vector of latent factors,
Λ is an N × p matrix of coefficients (factor loadings) and Ut is an N × 1 vector of idiosyncratic
errors. In this model only Rt is observed while Λ, Ft and Ut are unobserved for all t.
The aim of this model is to decompose Rt into a common component ΛFt and an idiosyncratic
component Ut , where the variation in Rt can be explained by a small dimensional set of latent
factors Ft . In order to simplify the discussion we shall refer to the cross-sectional dimension
N as “individuals”, while we let the time-series dimension T denote “periods”. Note that
the coefficients Λ correspond to individual loadings or weights of the common factors Ft . Let
U = [U1 , U2 , ..., UT ] be the N × T matrix of errors in equation 1. Similarly define the N × T
matrices R and ΛF .
Assumption 1: Cross-sectional and Time Dependence: There is a sequence of symmetric
positive definite matrices AN (θ1 ) and BT (θ2 ), where θ = (θ1 , θ2 ) is a parameter vector, such that
1/2

1/2

for all N and T , U = AN BT . Moreover,  has i.i.d. elements, E(i,j ) = 0, E((i,j )2 ) = 1,
and E((i,j )4 ) < ∞.
Note that AN (θ1 ) is of dimension N × N and BT (θ2 ) is of dimension T × T . We assume that
dim(θ)=S0 , where S0 is a small finite integer. We can allow AN (θ1 ) and BT (θ2 ) to be random
or non-random. If they are random, then AN , BT and  are independent.
This assumption enables our model to capture a more flexible “approximate factor structure”
by allowing for correlations in the idiosyncratic errors (Bai and Ng 2002). Since Cov(vec(UN )) =
BT ⊗ AN for vec(UN ) = (U10 U20 ...UT0 )0 , it restricts the nature of correlations in two important
ways. First, it assumes the (N, T ) separability of the covariance matrix into an N ×N component
AN and a T ×T component BT . The matrix AN captures the cross-sectional dependence between
individuals, while BT captures the form of time dependence and AN and BT . It excludes certain
forms of dependence such as time varying cross-sectional correlations in the error term. Spatiotemporal covariance models are popular in many areas of statistics (Ma 2003, Stein 2005) and
have featured in the recent literature on factor models (Onatski 2010, Onatski 2012). Second, it
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assumes that the nature of correlations can be captured by a low dimensional parameter vector
θ. This allows the distribution of the error terms to depend on unknown parameters, which are
then estimated from the data using a moment based approach.
Discussion: Even though somewhat restrictive this assumption captures the main intuition
behind the “approximate factor model”. By construction an informative factor model should
contain very little structure in the error terms and all important variation should be captured
by the factors. Thus, applications of factor models don’t typically consider complex structures
of the error term, but it is informative to consider departures from a strict diagonal structure
for the covariance matrix. It is possible to view this assumption as an approximation, with
many desirable properties, to more general covariance structures. In particular it preserves a
number of structural features of the original covariance matrix (Van Loan and Pitsianis 1993).
Doz, Giannone and Reichlin (2012) consider a quasi-maximum likelihood approach where the
true model is an approximate factor which is estimated as an exact factor model. Similarly
to our technique, the maximum likelihood approach also has the advantage that it allows for
restrictions from economic theory to be imposed.
Few economic models pay close attention to the spatio-temporal structure of the error terms
in the context of a factor model. In fact in is typical for models to assume a strict diagonal
structure for the covariance of the error terms (Fan, Fan, and Lv 2008). Onatski (2012) provides
an example of a factor model for industrial output across industries and time. In this example,
the matrix AN corresponds to the (known) inverse of the input-output matrix for the economy
which describes the quantity of input from one industry required to produce one unit of output in
a different industry, while BT captures the auto-regressive nature of production. This assumption
does however capture many of the data generating processes discussed in the Econometrics
literature on factor models. Chamberlain and Rothschild (1983) discuss an example of an
approximate factor model with spatial correlations of lag 1, i.e. Cov(ui , uj ) = 0 if |i − j| > 1.
In the macroeconometric literature it is common to restrict the errors terms to be AR(1), e.g.
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Reis and Watson (2010) or Eickmeier, Lemke and Marcellino (2011). Bai and Ng (2002) and
Onatski (2010) use a data generating process where the errors follow an AR(1) process while
also exhibiting a small degree of spatial correlation. While in general exclusion restrictions
determining the structure of the noise covariance matrix may not be immediately obvious, in
some cases they may follow from the structure of the data. For example, when considering a
cross-country model similar to that of Diebold et. al. (2008) we may wish to allow for global
factors while restricting the idiosyncratic shocks to be country specific.
Assumption 2: The number of individuals increases with the sample size. Thus, N → ∞
and T → ∞ and N/T → c ∈ (0, ∞).
This assumption captures the underlying asymptotic framework and is familiar to the literature on large N , large T panel data (Hahn and Kuersteiner 2002). We depart however from the
traditional econometric approach to solving factor models, which operates under the assumption that N is a fixed small number while T is large (Goldberger 1972, Zellner 1970). With
the availability of high dimensional panel data where both N and T are large, this alternative
asymptotic framework has received renewed attention and is currently an active area of research
(Amengual and Watson 2007, Bai and Ng 2002, Onatski 2009, Onatski 2010, Onatski 2012).
The use of the limit N/T → c ∈ (0, ∞) has recently also received substantial interest in many
areas of the statistical literature (Johnstone 2007) and is central to the field of Random Matrix
Theory.
Consider the spectral decomposition of an arbitrary symmetric n × n matrix Cn = V 0 DV .
where V is the eigenvector matrix with columns orthogonal to each other and the matrix D =
diag{λ1 , λ2 , ..., λn } contains the set of eigenvalues of the matrix Cn . We can define the following
proper cumulative distribution function F Cn (λ) on the spectrum λi ∈ {λ1 , λ2 , ..., λn } of Cn :
P
1.
F Cn (λ) = n1 {Number of Eigenvalues of Cn ≤ λ} = n1
λi ≤λ

Note that the spectrum does count multiplicities of eigenvalues. We will label this distri-

bution as the empirical eigenvalue distribution. A sequence of n × n matrices Cn is said to
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have an asymptotic or limiting eigenvalue distribution if limN →∞ tr(Cnk ) exists for all n ∈ N
(Speicher 2005).
Assumption 3: Bounded Spectrum: Consider the sequence of matrices AN and BT . For
any N and T denote by F AN and F BT the eigenvalue distributions of AN and BT respectively.
(1) If || Sp(AN )|| and || Sp(BT )|| denote the spectral norms of AN and BT , then both spectral
norms are bounded in N and T respectively;
(2) As N → ∞ and T → ∞, AN and BT have non-random asymptotic eigenvalue distributions (with bounded support) denoted by F A and F B .
This assumption implies that for all N and T the empirical eigenvalue distributions of the
matrices AN and BT are bounded in N and T . Moreover, the empirical eigenvalue distributions
converge in distribution to non-random limiting distributions.
This assumption is required in order to guarantee that the eigenvalue distribution of the
P
covariance matrix of the error terms in the factor model, T −1 Tt=1 Ut Ut0 , converges to a nonrandom distribution with bounded support (Silverstein 1995, Silverstein and Bai 1995, Bai and

Silverstein 1998).3 This assumption is relatively mild and jointly with Assumption 1 rules out
features of the distribution of the error terms which would prevent the identification of latent
factors from the noise. Furthermore, it guarantees that the moments of the empirical eigenvalue
distribution converge almost surely to non-random quantities, which will prove useful in counting
the number of factors..
Assumption 4: Pervasive factors: Assume that the factors Ft are independent of Ut . DeT
P
note by μ0 = min{Sp( T1
ΛFt Ft 0 Λ0 )} the smallest non-zero eigenvalue of the covariance of the
t=1

3Note

that for the special case where ui,t are i.i.d. random variables with mean 0 and variance 1, finite

fourth moment and N < T , the asymptotic eigenvalue distribution of the covariance matrix of the error
terms corresponds to the celebrated (Marcenko and Pastur 1967) distribution with support bounded on
√ 2
√ 2
[(1 − c) , (1 + c) ] as discussed in (Harding 2008).
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factors weighted by the factor loadings. Then there is some M > 0 and M → ∞ such that
μ0 ≥ M as N → ∞.
This assumption places relatively weak restrictions on the nature of the latent factors and
factor loadings. The factors are independent of the noise and the factor loadings are not restricted
to being either random or fixed. This assumption clarifies what we typically mean by a “pervasive
factor” by requiring that the latent factors impact at least a fraction of the individuals, where
the fraction increases with the sample size. Thus, even factors which are relatively weak can be
identified in large samples due to their effect on a large number of individuals. For example, we
think of pervasive factors in a model of US stocks as supply and demand shocks which impact
a large number of firms simultaneously.

3.

Counting the Number of Factors

Let Σ = E(RR0 ), Ξ = E(ΛF F 0 Λ0 ), and Ω = E(U U 0 ) and denote by ΣN , ΞN and ΩN their
T
T
T
P
P
P
sample equivalents: ΣN = T1
Rt Rt 0 , ΞN = T1
ΛFt Ft 0 Λ0 , ΩN = T1
Ut Ut 0 . Then by the
t=1

t=1

t=1

assumptions of our model we have that Σ = Ξ + Ω 4. The traditional spectral approach to
counting the number of factors relies on the observation that by the assumptions of a factor
model rank(ΞN ) = p and rank(ΩN ) = N . Hence, the covariance matrix of the observations

can be thought of as a p rank perturbation ΞN of the idiosyncratic noise covariance Ω N and we
would expect to observe a large number of small eigenvalues and p large eigenvalues. In finite
samples, however, it has long been established that accurate estimation of the number of factors
using heuristic approaches such as the visual inspection of the scree plot is very difficult, in
spite of the popularity of such methods in applied research (Brown, 1989). This is particularly
problematic in the case of “weak factors” (Onatski 2012).

 P
T
that we can ignore the cross product terms Λ T1 t=1 Ft Ut0 and its transpose. We have
PT
PT
1
0
0
t=1 Ft Ut → T
t=1 E(Ft Ut ) in probability. By Assumption 4 on the independence of the factors
4Note

1
T

and the error term we can ignore this term in large samples.
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In this section we introduce a novel approach to counting the number of factors in large factor
models, by relying on recent advances in the field of Random Matrix Theory 5. Our approach
gives rise to a stopping rule which can be used to consistently count the number of latent factors.

3.1. Preliminaries
Define the Cauchy Transform of an eigenvalue distribution function F C for some matrix C

R 1
as: GC (ω) = ω−λ
dF C (λ) = N1 tr (ωIN − C)−1 , for w ∈ C+ . This analytic function plays
an important role in many random matrix theory results where it serves as an analogue to the

Fourier transform in traditional probability theory. For a sample covariance matrix CN we can
define the raw moments of its eigenvalue distribution by: msCN (λ) = N −1 tr[(CN )s ]. Denote by
F C the limiting distribution of the sample eigenvalue distribution F CN of CN . Standard results
on bounded moment convergence and continuous mapping (e.g. Billingsley, 1995) imply that if
F CN converges in distribution to F C , a proper probability distribution with bounded support,
R
then: limN →∞ msCN (λ) = msC (λ) = λs dF C (λ) < ∞.
In order to simplify mathematical notation we restrict our attention to the case where

BT = IT . Furthermore, notice that without loss of generality, we let 0 < c ≤ 1 , since the nonzero eigenvalues of CC 0 , for some N × T dimensional matrix C are the same as the eigenvalues
of C 0 C. The remaining T − N eigenvalues of C 0 C are all zero. First consider the limiting
distribution of the eigenvalues of the noise covariance matrix Ω N defined above:
Proposition 1: (Silverstein) As N → ∞, T → ∞, and N/T → c, if F AN → F A almost surely in distribution to a pdf on [0, ∞), then the sample eigenvalue distribution F ΩN (λ)
converges to a non-random asymptotic distribution function F Ω (λ; F A , c) with bounded support.

5See

Edelman and Rao (2005) for an introductory treatment.
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The proof is given in Silverstein (1995). Assumptions 1, 2 and 3 are sufficient to obtain the
result in Silverstein (1995). 6 Let us now focus our attention on the moments msΩN of the sample
eigenvalue distribution and the moments msΩ (θ) = limN →∞ (1/N ) E {tr(ΩsN )} of the limiting
eigenvalue distribution.
As a consequence of Proposition 1 the moments of the limiting eigenvalue distribution of
the noise covariance matrix exist and are finite. Moreover, it can be shown that the moments
satisfy a Central Limit Theorem (Bai and Silverstein, 2004):
Proposition 2: (CLT) Let g(w) = −(1 − c)/w + cGΩ (w). Then


1
1
m
− mΩ (θ)
 ΩN


−1 
(2)
N 
 ∼ N (Δ, V ),
...


msΩN − msΩ (θ)
where for j = 1 . . . s and k = 1 . . . s
R
Z
−3
c g(w)3 v 2 (1 + vg(w)) dF A (v)
1
j
Δj = −
w 
2 dw
R
2πi
−2 A
2 2
1 − c g(w) v (1 + vg(w)) F (v)
Vjk

1
=− 2
2π

Z Z

w1j w2k
dg(w1 ) dg(w2 )
dw1 dw2 ,
2 dw
dw2
(g(w1 ) − g(w2 ))
1

where the contours are assumed to be non-overlapping, closed, taken in the positive direction
in the complex plane, each enclosing the support of F Ω .
This CLT was introduced by Bai and Siverstein (2004). It is discussed at length in Chapter
9 of Bai and Silversein (2010). The proof relies on Assumptions 1, 2 and 3. Furthermore,
Bai and Silverstein (2004, 2010) assume that E((i,j )4 ) = 3. Silverstein (1989) has shown that
without this condition it is possible that there exist sequences of random matrices for which
6Notice

that given the assumptions of our model, the limiting eigenvalue distribution of Ω N depends

only on c and θ and can be obtained (implicitly) using the Cauchy transform. As Edelman and Rao
(2005) show, obtaining the distribution numerically remains computationally challenging and requires
advanced numerical methods.
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the first two moments do not converge. Pan and Zhou (2008) show that this condition can be
relaxed (Condition 6 in Theorem 1.3) by imposing restrictions on the matrix AN in relation to
the Cauchy transformation of the limiting eigenvalue distribution. This condition is difficult to
evaluate but it can be shown that it is satisfied in some cases, e.g. when AN is diagonal.
Example 1: In general it is not possible to analytically evaluate the integral expressions
above over the complex plane. For AN = IN the answer however is known and was derived by
Jonsson (1982) using a combinatoric proof. In this case the expressions above reduce to:
j  
√ 2j  1 X j 2 r
√ 2j
1
Δj =
c
−
1− c + 1+ c
4
2
r
r=0

(V )j,k = 2c

j+k




j−k 
j−1 X
k   
X
j
k
1 − c j+k X 2j − 1 − (r1 + l) 2k − 1 − (r2 + l)
l
c
r1
r2
j−1
k−1

r1 =0 r2 =0

l=1

3.2. Identification and Estimation
In this section we introduce a new approach to estimating the number of latent factors
in large dimensional models which simultaneously estimates the unknown parameters θ and
also counts the number of latent factors p. Let Sp(ΣN ) denote the spectrum of the covariance
matrix ΣN of the individual units over time, where we have ordered the eigenvalues in decreasing
order. That is, Sp(ΣN ) = {λ1 , λ2 , ..., λN }, with λ1 being the largest eigenvalue and including
multiplicities. Now let Sp p (ΣN ) be the p-truncated spectrum where we have removed the first
p largest eigenvalues, Spp (ΣN ) = Sp(ΣN )\{λ1 , λ2 , ..., λp }. Let Πp (ΣN ) be the vector of the
first K moments of the
" sample eigenvalue distribution evaluated from the truncated
#0 spectrum
P
P
P
λ1j , N −1
λ2j , . . . , N −1
λK
. Note that
Spp (ΣN ), Πp (ΣN ) = N −1
j
λj ∈Spp (ΣN )

λj ∈Spp (ΣN )

λj ∈Spp (ΣN )

the above definition allows for p = 0, in which case Π0 (ΣN ) represents the vector corresponding

to the first K moments of the sample eigenvalue distribution. Further, denote by Π(θ) =
 1
0
mΩ (θ, c), m2Ω (θ, c), ..., msΩ (θ, c) the vector of moments of the limiting eigenvalue distribution
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of ΩN as N → ∞, T → ∞ and N/T → c. In Section 4 we show how to derive expressions for
these limiting moments analytically as functions of θ.
Proposition 2 suggests a minimum distance procedure for estimating the vector of unknown
covariance parameters θ from the moments of the sample covariance matrix:
(3)

θ̂p = argminθ (Π(θ) − Πp (ΣN ))0 V̂ −1 (Π(θ) − Πp (ΣN )),
{z
}
|
J(θ,Spp (ΣN ))

where (V̂ )j,k is a consistent estimator of the covariance matrix given in equation 2. Two step
estimation may be performed by using the estimated parameters from a first step with V = I.
Note that the p-truncated spectrum is used in the above expression. Thus, a sequence of estimates θ̂0 , θ̂1 , . . . , θ̂p , . . . is obtained as an increasing number of (large) eigenvalues is consecutively
removed from the spectrum of the sample covariance matrix.
Now consider the J-statistic corresponding to the minimum distance function defined in 3,
ˆ θ̂, Spp (ΣN )), computed for the p-truncated spectrum of the sample covariance matrix Σ N . We
J(
can consistently estimate the number of latent factors from the first K moments of the sample
covariance matrix from the following stopping rule:
Proposition 3: (Stopping Rule). Consider a large dimensional factor model, satisfying
 2 
Assumptions 1-4 above. Additionally, let M = O N K +α , for some α > 0. Then,
(4)

(

)

b θ̂, Spq (ΣN ))
J(
→0
pb = min q :
M 2K

provides a consistent estimate of p0 , the true number of factors.
Proof: See Appendix. Notice that we need, N 2 /M K → 0 as N → ∞. So, M = N 2/K log N
can be a choice of M provided it also satisfies Assumption 4. If the number of moments K is
sufficiently large, then in most cases Assumption 4 is sufficient.
Discussion. The intuition behind our stopping rule is that in large samples, we should
observe a separation of the spectrum of Σ N into two parts, a first part with mass (N − p)/N

12

located to the left but bounded by zero from below and a second part with mass p/N to the
right which diverges as N → ∞ (Bai and Silverstein, 1999, 2004, 2010; Baik and Silverstein,
2006; Dozier and Silverstein, 2007). Estimating the number of factors thus involves counting
the number of eigenvalues to the right of this spectral gap.
In finite samples however this gap may not be easy to locate, especially in models with
weak factors and cannot be accomplished by visual inspection of the scree plot. The stopping
rule introduced above estimates the number of latent factors consistently as N → ∞. In small
samples, when Assumption 4 does not hold, some of the eigenvalues of Σ N , corresponding to
weak factors may undergo a “phase transition”, as described in Harding (2008), and converge
in probability to the upper bound of the spectrum of Ω N . In such a case, any eigenvalue based
method will produce severely biased results. Harding (2008) shows how this leads to a single
factor bias in estimated arbitrage pricing models, when applied to small samples.

4.

Using Free Probability to Derive the Spectral Moments
Implementing equation 3 requires us to know the moments msΩ (θ) of the limiting eigenvalue

distribution of the noise term Ω N , as functions of the model parameters θ. This could be
approached through numerical methods but the computational burden is greatly diminished if
these moments were known in analytic form. Deriving these moment expressions using standard
combinatorial principles is extremely challenging and has not been attempted in the literature
except in very simple cases . In this section we show that, given the assumptions of our model,
it is however possible to do so by employing insights from the recent mathematical field of Free
Probability Theory.7
7Some

elementary results in free probability theory as well as detailed proofs of the theorems in this

section are found in the Online Appendix to this paper. More details on free probability theory and its
connections to combinatorics can be found in the monograph by Nica and Speicher (2006).
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For simplicity we start by limiting our attention to the case where BT = IT and discuss the
general case at the end of this section. From Assumption 1 it follows that Ω N = (1/T )U U 0 =
1/2

1/2

(1/T )AN 0 AN . Let ΨN = (1/T )0 and notice that:
(5)

msΩ

 
 


1
1 1/2 0 1/2 s
1
1
s
= limN →∞ E tr [AN ΨN ] ) .
A  AN
= limN →∞ E tr
N
T N
N
T

The aim of this section is to introduce a procedure to analytically derive the moments msΩ
from on our knowledge of the moments of the limiting eigenvalue distributions of AN and ΨN ,
which will greatly simplify our computations.
First we need to define the core concepts of a non-commutative probability space and that of
free independence as an extension of the concept of independence in classical probability theory. 8
Definition 1: A non-commutative probability space is a pair (A, φ), where A is an algebra
over C endowed with a unit (1) and φ a linear functional on A, φ :→ C such that φ(1) = 1.9
An element X ∈ A is referred to as a non-commutative random variable in (A, φ).
For the non-commutative probability space (A, φ) and a random variable X ∈ A, we can
define the s-th moment of X as msX = φ(X s ). Computing expectations over random variables in
classical probability is often simplified when we can assume independence between the random
variables. We now extend the notion of independence in classical probability by employing the
concept of freeness or free independence from operator algebras (Voiculescu 1985, Voiculescu
1998, Nica and Speicher 2006).
Definition 2: (Free Independence): Let (A, φ) be the non-commutative probability space
of Definition 1 and {A1 , A2 , ..., AJ } ⊂ A subalgebras of A with a unit (1). Then the algebras
A1 , A2 , ..., AJ are free with respect to φ, if φ(a1 a2 ...aK ) = 0 for a1 ∈ Aj(1) , a2 ∈ Aj(2) , ... ,
8This

algebra is typically referred to as a von Neumann algebra. See Nica and Speicher (2006) for

monograph exposition on free probability theory.
9Note that (scalar) classical probability spaces also satisfy the above definition while also assuming
commutativeness.
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aK ∈ Aj(K) , where j(k) is an index function on the set {1, 2, ..., J } and j(k) 6= j(k + 1) for all
k = 1..(K − 1), and φ(ak ) = 0 for all k = 1 . . . K.
By extension, the random variables X1 , X2 , ..., XK ∈ A are freely independent if the subalgebras generated by them are free with respect to φ. Thus, the operator concept of freeness is
a particular generalization of the classical probability concept of independence, where freeness
with respect to φ corresponds to independence of σ-algebras, and free independence of random
variables corresponds to the classical notion of independence of random variables.
Example 2: Free independence is a convenient property which amounts to an iterative procedure for computing mixed moments msab = φ((ab)s ) of products of non-commutative random
variables from the moments of the constituent random variables:
(6)

m1ab = φ(ab) = φ(a)φ(b).

(7)

m2ab = φ((ab)2 ) = φ(abab) = φ2 (a)φ(bb) + φ2 (b)φ(aa) − φ2 (a)φ2 (b).
Notice that while the expression for the first moment is the same as the one we would

obtain if a and b were independent random variables in a classical (commutative) probability
space, the expression for the second moment does not reduce to the same expression one would
obtain if a and b were independent commutative random variables in a classical probability space,
since φ(abab) 6= φ(a2 b2 ) = φ(a2 )φ(b2 ). The definition of free independence can thus be applied
recursively to obtain the mixed higher order moments of ab and other similar products. Additional
details are provided in the Online Appendix.
Consider the space of N × N real matrices MN (R) and X a random matrix on this space
whose elements (X)i,j are random variables on a classical probability space (Θ, P). Define the
T
algebra of functions AN =
Ls (X, MN ), for the s-integrable random matrices of dimension
1≤s<∞

N × N for 1 ≤ s < ∞. Note that this implies that all elements (X)i,j have finite moments since
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(X)i,j ∈ AN . Furthermore, let φN : A → R be an operator defined as: φN (Y ) =
N
R
1 P
E(Yj,j ) = N1 X tr(Y )dP.
N

1
N EX

tr(Y ) =

j=1

Proposition 4: (AN , φN )is a non-commutative probability space.

This result follows immediately as a particular instance of Definition 1. It implies that we
can think of covariance matrices as random variables defined on a non-commutative probability
space. This greatly facilitates our ability to compute moments of the type φN [(AN ΨN )s ], if it
can be shown that (AN , ΨN ) are indeed freely independent.
Claim 1: (AN , ΨN ) are freely independent if AN satisfies Assumption 1 and ΨN is “unitarily
invariant”.
In the Online Appendix we explore the mathematical concept of unitary invariance, which
requires more specialized statistical results, and also discuss general conditions under which
two random matrices are asymptotically freely independent . A simple special case of unitary
invariance holds when ΨN is drawn from a standard Wishart distribution, that is Ψ N = (1/T )0 ,
where ()i,j are distributed iid N(0,1). Then Ψ N and AN are freely independent if AN is a nonrandom matrix (or a random matrix independent of Ψ N ).
In order to compute the mixed moments φN [(AN ΨN )s ] we require knowledge of the moments
of AN and ΨN . From these the mixed moments can be derived by iteration using Definition 2.
The moments of AN follow directly as from any model satisfying Assumption 1 and are known
functions of θ. The moments of ΨN are given by the following Lemma.
Lemma 1: Let  be an N × T random matrix with elements which are iid with mean 0,
variance 1 and finite fourth order moments. Then as N → ∞, T → ∞ and N/T → c, the
empirical eigenvalue distribution of ΨN = (1/T )0 converges almost surely to the non-random
Marcenko-Pastur distribution whose moments are given by:

msΨ

 X
 

s


1
1 s
s
0 s
= limN →∞ Etr (1/T ) 
=
cs−1 .
N
s r
r−1
r=1
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Proof: Jonsson (1982). Note that the moments of Ψ N = (1/T )0 are the Narayana polynomials in c = N/T .
The mixed moments can then be derived from the iterated application of Definition 2, as
shown in Example 2. The following proposition provides a general recursive expression for the
computation of the mixed moments in terms of the limiting moments of eigenvalue distribution
of AN . Further details are found in the Online Appendix.
Proposition 5: Let msΩ be the limiting moments of the sample noise covariance Ω and
msA be the limiting moments of the matrix AN . Then for w ∈ C+ with Im(w) > 0 we have that
(8)

∞
X
ms

Ω

s=1

ws

=

∞
X
ms

A

s=1

ws

1+c

∞
X
mr

Ω

r=1

wr

!s

.

Proof: See Online Appendix. Explicit expressions for the moments can easily be computed
by expanding this expression in 1/w and matching the coefficients on 1/(ws ).
Example 3: If AN = σIN then:
m1Ω = σ
m2Ω = (1 + c) σ 2
m3Ω =


c2 + 3c + 1 σ 3


m4Ω = (1 + c) c2 + 5c + 1 σ 4 .

4.1. Time-Series Correlations
Let us now consider the case where AN = IN and BT 6= IT . We are interested in msΩ =

limN →∞ (1/N ) E {tr([(1/T ) BT 0 ]s )} . Notice, however, that the non-zero eigenvalues of (1/T )BT 0
and (1/T )0 BT are the same. We can now apply Definition 2 to compute the mixed moments
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of (1/T )0  and BT . The general relationship can be summarized by the following recursive
expression:
Proposition 6: Let msΩ be the limiting moments of the spectral distribution of the sample
noise covariance Ω and msB be the limiting moments of the spectral distribution of the matrix
BT . Then for w ∈ C+ with Im(w) > 0 we have that
∞
X
ms

(9)

s=1

1
Ω
=
s
w
c

(

∞
X
ms

B

s=1

ws

"

c 1+

∞
X
mr

Ω

r=1

wr

!#s )

.

Proof: See Online Appendix.
Example 4: Assume that the idiosyncratic errors follow an AR(1) process Uj,t = ρUj,t−1 +
j,t , for j,t white noise such that E(j,t ) = 0 and E(2j,t ) = σ 2 . Then,
m1Ω = m1B
m2Ω = cm2B + m1B

2

m3Ω = c2 m3B + 3cm2B m1B + m1B
m4Ω = c3 m4B + 4c2 (m3B m1B +

3

4
1 2 2
2
mB ) + 6cm2B (m1B ) + m1B ,
2

where for any positive integer s,
(10)

msB

1
=
2π

Z

2π
0



1 − ρ2
1 − 2ρ cos(ζ) + ρ2

s

dζ.

It is also possible to consider models where both BT 6= IT and AN 6= IT . In such cases
the sample noise covariance matrix is given by: Ω N =

1 1/2
0 1/2
T AN BT  AN .

The corresponding

moment conditions can be obtained by first computing the moments of the eigenvalue distribution of ΨN =

1
0
T BT 

using Proposition 5 and then computing the moments of the eigenvalue

distribution of the product AN ΨN by employing Proposition 6.
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5.

Monte Carlo

In this section we investigate the finite sample performance of the proposed method and
compare it to the two leading competing estimation approaches. 10 We also investigate the
robustness of the method to misspecification of the restrictions on the error covariance matrix.
We generate Monte Carlo data based on a design similar to that of Bai and Ng (2002) and
1/2

1/2

Onatski (2010): Rt = ΛFt + Ut , where U = AN BT , for t = 1 . . . T . Rt is an N × 1 vector of
observations, Ft is a p × 1 vector of latent factors, Λ is an N × p matrix of coefficients (factor
loadings) and Ut is an N × 1 vector of idiosyncratic errors. We set the number of latent factors
p0 = 5 and draw j,t ∼ i.i.d. N (0, 1) and Fj,t ∼ i.i.d. N (0, 1).
Factor loadings are generated as follows:
q

(11)

Λj,k =

(12)

Λj,k = a

√
m1 / m2 , for j = 1 . . . p0 ,

p

m1 /(N − k) , for j = p0 + 1 . . . N ,

for k = 1 . . . p0 . Furthermore, a = −1 if j = rk and a = +1 if j 6= rk for r = 1, 2, 3... .
We consider four designs for σ 2 = 1 and ρ = 0.1:
Design I : AN = σ 2 IN , BT = IT , m1 = 10, m2 = 1.
Design II : AN = σ 2 IN , BT = IT , m1 = 3, m2 = N .
Design III: AN = σ 2 /(1 − ρ2 )IN , (BT )i,j = ρ|i−j| , m1 = 10, m2 = 1.
Design IV : AN = σ 2 /(1 − ρ2 )IN , (BT )i,j = ρ|i−j| , m1 = 3, m2 = N .
10We

limit our attention to alternative approaches from the recent econometric literature. In a recent

publication, Passemier and Yao (2012) compare the procedure as introduced in an earlier version of this
paper with several other statistical approaches for determining the number of “spikes” in the spectrum
of high-dimensional models. They find that the current procedure performs at least as well as the
alternatives they consider and in fact has lower MSE.
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For each design we vary N from 30 to 450 and T from 100 to 500. The resulting ratio
c = N/T varies from 0.3 to 0.9 and we draw 1000 samples for each combination.
We estimate the unknown model parameters p0 , σ 2 and ρ using different estimation techniques. The first estimator (MD) corresponds to the estimation procedure resulting from equations 3 and 4 and setting the moment weighting matrix V̂ = IK . Throughout we use K = 4
moment conditions. For Designs 1 and 2 the moment weighting matrix V is known and given
in Example 1. For these two designs we also report results from a weighted two-step estimator
(MDW), which is obtained by first deriving consistent estimates of the model parameters using
the unweighted MD estimator, evaluating the estimated moment weighting matrix V̂ , and then
using this weighting matrix in equation 3.
As discussed in the Appendix, our proposed estimator has the feature that the rate of change
in the objective function diminishes with the number of factors estimated. In order to guard
against the possibility of over-fitting and in order to improve the finite sample performance of
our estimator we can add a panel information criterion, which penalizes the objective function
in equation 4 if the selected number of factors is too large. Following Bai and Ng (2002)
we can consider penalty functions of the form qσ̂ 2 g(N, T ), where q is the number of factors
selected, σ̂ 2 is the estimated (average) variance at each step, and g(N, T ) a function such that
g(N, T ) → 0 in large samples. In simulations we have found the following choice to perform



NT
very well: g(N, T ) = NN+T
log
T
N +T .
We can augment the estimators MD and MDW defined above with the above penalty function

to obtain two additional estimators which we label MD-IC and MDW-IC. We compare our
proposed estimator and its variants described above with its leading competitors in the recent
econometric literature as introduced by Onatski (2010) and Bai and Ng (2002).
In the tables below we report the mean number of estimated factors and also the percentage
of the replications that result in underestimation and overestimation of the number of factors.
The later results are reported in the form x/y where x% of the replications have resulted in
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underestimation and y% of the replications have resulted in overestimation, and (100 − x − y)%
of the replications resulted in the correct estimation of the number of latent factors.
Table 1 compares the performance of the different estimators on samples drawn from Designs
I and II. Design 1 features factors which are “strong” relative to the idiosyncratic noise. Both
the MDW-IC and the Onatski estimator perform very well. Both estimators recover the correct
number of factors with near 100% accuracy. This is to be expected as in this design the largest
5 eigenvalues are well separated from the bulk of the remaining eigenvalues of the covariance
matrix and thus eigenvalue based methods are very precise. Both estimators outperform the Bai
and Ng estimator which tends to underestimate the number of factors severely. As the sample
size increases the Bai and Ng estimator underestimates the number of factors in 100% of the
samples. Notice that the MD, MDW and MD-IC estimators exhibit a small upward bias and
are dominated by the MDW-IC estimator. By inspecting the simulation output we found that
even when over-estimating the number of factors these estimators over-estimate by at most 1
factor.
By contrast Design II captures a setting with weak factors. In this design the largest 5
eigenvalues are not strongly separated from the bulk of the remaining eigenvalues and the corresponding scree plot appears to show a continuum of values. Traditional heuristics based on
the visual inspection of the scree plot would not be able to discern a clear separation. This
scenario thus also presents challenges for spectrum based estimation techniques. All estimators
present some degree of downward bias as they occasionally fail to recover all factors from the
data. Nevertheless, the estimators introduced in this paper perform substantially better than
their competitors. The MD estimators recover between 4 and 5 factors in each simulation. The
Onatski estimator finds less than 5 factors in over 90% of the simulations. The Bai and Ng
estimator underestimates in 100% of the cases. Its performance actually deteriorates in large
samples where it estimates between 0 and 1 factors. 11
11The

Online Appendix contains tables showing the mean bias and MSE for the covariance parameters,

which are estimated by the MD estimators at the same time as the number of factors. In all cases the
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In order to explore the extent to which the finite sample performance of these estimators
deteriorates with the amount of noise, we return to Design I and estimate the number of factors
in samples where we progressively increase the idiosyncratic variance σ 2 from 1 to 10. In Figure 1
we plot the estimated number of factors for the Bai and Ng, the Onatski and the MD estimators
for each level of the variance. The performance of each estimator decreases as the error variance
increases. The Bai and Ng estimator in particular fails to recover a positive number of factors
as the noise variance increases. The MD estimator outperforms the performance of the Ontaski
estimator throughout, even though both of them underestimate the number of factors.
Table 2 explores the performance of the different estimators using Designs III and IV. These
designs allow for the error terms to be autocorrelated. We compare the performance of the
MD and MD-IC estimators with that of the Onatski and Bai and Ng procedures. We do not
compute the MDW estimator since the weighting matrix is difficult to evaluate from expression 2
in Proposition 2 for this example. In Design III the MD-IC and the Onatski estimators perform
very well and outperform the Bai and Ng estimator. All procedures underestimate the number
of factors in Design IV. The MD and the Onatski procedures are comparable.
The improved finite sample performance of the MD set of procedures does come however at
the cost of imposing the correct specification on the unknown error terms. We now investigate
the costs of misspecifying the error term in a series of simulations. Table 3 compares the
performance of the MDW-IC estimator derived under the assumption of iid errors (corresponding
to Designs I and II) but applied to data drawn from Designs III and IV, where the error term is
autocorrelated. If the data is generated using Design III the (misspecified) MDW-IC estimator
performs fairly well but over-estimates the number of factors in 3% to 32% of the samples. The
mean number of factors is very close to 5 indicating that even when it overestimates the factors
it does so by no more than 1 factor. Its performance is inferior to that of the Onatski estimator
but superior to the procedure of Bai and Ng. When we apply the misspecified MDW-IC to data
covariance parameters are also recovered with small finite sample bias, which diminishes to zero as the
sample size increases.
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from Design IV with weak factors the MDW-IC estimator performs very similarly to the Onatski
estimator. This is due to the fact that the MDW-IC performs better than the Onatski estimator
in finite samples with weak factors which compensates for the bias due to misspecification. Note
however that these results are driven by the assumptions of Designs III and IV which assume a
relatively weak degree of autocorrelation ρ = 0.1. In other simulations we have found that our
procedure will break down if the degree of misspecification is substantially larger i.e. ρ > 0.5.
In order to further explore the impact of misspecification we introduce two variants of Designs
III and IV which also exhibit spatial correlations:

Design V : ui,t = vi,t + βvi−j,t , m1 = 10, m2 = 1.
Design VI: ui,t = ρui,t−1 + vi,t + βvi−j,t , m1 = 10, m2 = 1,

where ρ = 0.3 and β = 0.1 and vi,t ∼ N (0, 1). Note that while it is perfectly feasible to
estimate these models using the techniques described in this paper by accounting for both the
time and spatial dependence captured by ρ and β, we will generate samples from the designs
above but use the MD estimators derived for Designs I and III instead which assume that β = 0
while accounting for the presence of time correlations. The estimation results are presented in
Table 4. Design V is estimated well by all procedures indicating that if the factors are strong
a small degree of spatial correlation is of limited concern. The misspecified MD-IC estimator
and the Onatski estimator perform very similarly in this situation. Perhaps surprisingly they
are dominated by the Bai and Ng procedure.
To conclude we have found that while the MD estimators are robust to a small degree of
misspecification they will underperform when applied to models which exhibit a complicated
structure of the error terms without properly accounting for it. When correctly specified the
MD estimators will however have superior finite sample performance over that of competing
estimators, especially in the presence of weak factors.
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6.

Applications

We apply the proposed method to the estimation of factor models in two common examples
of the factor model methodology. First, we estimate the number of pervasive factors underlying
US stock returns, and second, we estimate the number of pervasive factors explaining two large
panels of macroeconomic measurements. In all cases we assume that AN = σ 2 /(1 − ρ2 )IN ,
(BT )i,j = ρ|i−j| .
We construct a sample of daily stock returns over 1298 trading days from January 2003 to
December 2007. Data was downloaded from the CRSP database and we consider stocks included
in the S&P Index. In order to avoid issues related to missing data, we exclude all companies
which are not traded for more than 1 day in any given month and which are not active over the
entire period. This results in a sample of 352 stocks. We use the rates on the 90 day Treasury
bill to construct excess returns for all stocks.
We apply the proposed estimator of the number of latent factors to a sequence of samples
of increasing length, T ∈ {352, 503, 654, 805, 956, 1107, 1258} trading days. Our procedure estimates 3 factors for T ∈ {352, 503} and 4 factors otherwise. By contrast when we apply the
Onatski estimator we find the following sequence of estimated factors corresponding to the different sample length: {2, 2, 1, 4, 3, 2, 4}. We found the Bai and Ng estimator to be numerically
very unstable on this data, but Bai and Ng (2002) report the estimated number of factors to be
2 on a similar dataset. Onatski (2010) summarizes a number of similar analyses conducted by
other authors on stock returns data, all of which find between 2 and 5 pervasive factors in US
stock returns data.
Factor models are also often employed as a data reduction device, whereby a large set of
economic indicators is reduced to a small set of statistical factors. This can be done in absence of
a structural economic model and the resulting factors, containing the condensed information, can
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then be used to predict other outcomes of interest such as consumption, industrial production
or inflation (Stock and Watson, 2005).
First, we estimate the number of factors in the classical dataset of Stock and Watson (2005),
which is often used as a benchmark in macroeconomic factor models. This database contains
131 economic and financial indicators for the U.S. at monthly frequency for 368 months ending
in December 2003. The number of factors estimated by the procedure outlined in this paper
is 7. This number is consistent with earlier studies of the same data. Thus, for example, both
Stock and Watson (2005) and Bai and Ng (2007), find, using different methods, the number of
factors to be 7 in the same dataset. Applying the Onatski estimator we only find 1 factor in
this data.
Second, we estimate the number of factors in an alternative dataset of economic indicators
for the Euro area which has recently been made available by Angelini et. al. (2011). The data is
similar to that of Stock and Watson (2005) and consists of monthly time series collected between
1993 and 2007 on a number of macroeconomic and financial indicators characterizing the Euro
area. The number of factors estimated in this dataset is 5. The Onatski estimator applied to
the same data does not find any pervasive factors.
It is important to interpret these estimated factors with caution in the absence of an associated economic model as it is difficult to fully understand the economic nature of these estimated
factors. From a statistical point of view however, data reduction remains a valuable tool in
condensing large datasets and may provide valuable information when used carefully within the
confines of economic theory.

7.

Conclusion

In this paper we introduce a new econometric approach to the consistent estimation of the
number of factors in large factor models. We show that by imposing restrictions on the pattern
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of time and spatial correlations of the errors we can derive a consistent spectral estimator for
the number of factors with superior finite sample performance in the presence of weak pervasive
factors.
The proposed stopping rule for counting the number of factors uses the moments of the
sample eigenvalue distribution of the data covariance matrix. Using free probability theory for
noncommutative random variables we show that these moments can be derived analytically, thus
avoiding the need for a computationally burdensome simulated moments approach. The new
approach performs very well in a series on Monte Carlo designs and outperforms in many cases
the leading competing approaches currently employed in the econometric literature.
We also applied our estimation procedure to a series of realistic examples in finance and
macroeconomics which leads to plausible estimates of the number of factors, consistent with the
previous economic literature.
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appendix
Proposition 3 proposed the following stopping rule for the consistent estimation of the number of latent factors:

(

b θ̂, Spq (ΣN ))
J(
pb = min q :
→0
M 2K

(A.1)

)

where M is as defined in Assumption 4 and K is the number of moments used. Additionally,
 2 
we assumed that M depends on N , M = O N K +α , for some α > 0. Actually we need,
N 2 /M K → 0 as N → ∞. So, M = N 2/K log N can be a choice of M provided it also satisfies

Assumption 4. If the number of moments K is sufficiently large, then in most cases Assumption 4
is sufficient. We will show that the stopping rule given by equation(A.1) will give us a consistent
estimate of p, the true number of factors.
Let λ1 ≥ λ2 ≥ . . . ≥ λp ≥ M be the eigenvalues of the sample factor covariance matrix
P
and s1 ≥ s2 ≥ . . . sN be the eigenvalues of the sample noise matrix T −1 Tt=1 Ut Ut0 . We do not
observe λi ’s or si ’s separately, but observe the eigenvalues of their combined covariance matrix

ΣN .
Let us assume initially that the unknown parameters θ̂ were known and did not need to be
estimated. In this setting we prove the following Lemma.
Lemma 2: For any given parameter θ as N, T → ∞, we have:
(a)
(b)
(c)
(d)

b Spp (ΣN ))
J(θ,
→ 0.
M 2K
b Spq (ΣN ))
J(θ,
≥ 1 for all q < p.
M 2K
b Spp+j (ΣN ))
b Spp (ΣN )) − J(θ,
J(θ,
M 2K

≤ 0 for j ≥ 1.

b Spq (ΣN ))
b Spq−1 (ΣN )) − J(θ,
J(θ,
≥ 3 for all q < p.
M 2K

where p is the true number of factors in the model and all the above four conditions hold in
probability under θ.
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b Spq (ΣN ) has a deThe Lemma shows that scaled appropriately, the distance statistics J(θ,

tectable decay at p, the true number of factors. From part (a) and (b) of the Lemma, it follows
that the stopping rule defined by equation (A.1) is consistent. The lemma also shows that the
successive (in factors) difference in the distance statistics (with the same scaling) is significant up

b Spp−1 (ΣN )) − J(θ,
b Spp (ΣN ))] ≥
to p, as from the first two parts of the lemma we also have: M −2K [J(θ,
1 and becomes insignificant thereafter. These properties reflect the nature of the recovery (de-

tection) of p (true number of factors) and can help in constructing penalty functions. However,
any choice of penalty would also depend on the estimates of the unknown parameters θ (or their
true values if they were known).
Now we prove Lemma 2.
P
r
Proof. (a) We define the sample moments of the noise matrix as mrS = N1 N
i=1 si for r =
 r

P
mΩ (θ)−mrS 2
1, 2, . . . , K. Also, let I1 = N 4 K
. Now, note by proposition 2, the difference of
r=1
N

the sample and population moments of the noise matrix has an asymptotic multivariate normal
distribution
1
N
And so, N −2

PK

r
r=1 (mΩ (θ)









m1Ω (θ) − m1S
...
K
mK
Ω (θ) − mS



 → N (Δ(c), V (c)).


− mrS )2 is stochastically bounded.

Also, by our assumptions on M , we have M −2K N 4 → 0. So, M −2K I1 → 0 in probability.
Now, consider
b Spp (ΣN )) =
J(θ,
=

K
X
r=1

K
X



N mrΩ (θ) −

r=1

= I1 +

N mrΩ (θ) −
K
X
r=1

p
X
i=1

sri

N
X

i=p+1
N
X

2

sri 

sri +

i=1

!2

+ 2N

p
X
i=1

sri

!2

p
K
X
X
r=1

i=1

sri

!

(mrΩ (θ) − mrS ) .
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Again,
p
K
X
X
r=1

sri

i=1

!2

≤

p
K
X
X
r=1

= p2

sr1

i=1

K
X

!2

2
s2r
1 =p

r=1

s2K+2
−1
1
= p2 s2K
1 (1 + o(1))
s21 − 1

as s1 is large as N → ∞.
2K → 0. And so, M −2K
Also, by Assumption 4, s1 /M → 0 which implies p2 s2K
1 /M

o(1). Similarly, for the cross product term we have,
M

−2K

×N

p
K
X
X
r=1

i=1

sri

!

(mrΩ (θ) − mrS ) ≤

PK

r=1 (

Pp

r 2
i=1 si )

K
N 2 X psr1 mrΩ (θ) − mrS
MK
MK
N

≤p

r=1

K
N 2 X mrΩ (θ) − mrS
MK
N
r=1

which converges to 0 again as M −K N 2 → 0 and the rest is stochastically bounded.

Pθ
b Spp (ΣN )) →
Hence we have statement (a) of the Lemma M −2K J(θ,
0.

(b) Next we have,

b Spp−1 (ΣN )) =
J(θ,
=

K
X
r=1

K
X
r=1



N mrΩ (θ) − λrp − srp −


N mrΩ (θ) −

N
X
i=p

2

N
X

sri 

i=p+1

2

sri  +

K
X
r=1

λ2r
p −2

K
X
r=1



λrp N mrΩ (θ) −

N
X
i=p

b Spp (ΣN ))→0 in Probability, we can show:
In the same way as we showed M −2K J(θ,
M −2K

K
X
r=1





N mrΩ (θ) −

and M −K N mrΩ (θ) −

N
X
i=p



N
X
i=p

2

sri  → 0

sri  = o(1) for r = 1, . . . , K.



sri 

=
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Thus
K
X

b Spp−1 (ΣN )) = M −2K
M −2K J(θ,

λ2r
p

r=1

!

(1 + o(1))

≥ M −2K λ2K
p (1 + o(1))

≥ 1 as λp ≥ M.
b Spq (ΣN )) ≥ 1 for all q < p.
Similarly we can show that M −2K J(θ,
(c) Note that,

b Spp+1 (ΣN )) =
J(θ,
=

K
X
r=1

K
X
r=1



N mrΩ (θ) −


N mrΩ (θ) −

b Spp (ΣN )) +
= J(θ,

N
X

i=p+2
N
X

i=p+1
K
X
r=1

2

sri 

2

sri − srp+2 

s2r
p+2 − 2N

K
X

srp+2

r=1

mrΩ (θ) − mrS + N −1

p
X

sri

i=1

!

.

So,

b Spp+1 (ΣN )) = −
b Spp (ΣN )) − J(θ,
J(θ,

K
X

s2r
p+2

+ 2N

r=1

≤ 2N

K
X
r=1

≤ 2N 2

K
X

srp+2

mrΩ (θ)

r=1

srp+2 |mrΩ (θ) − mrS | + 2

K
X
r=1

srp+2

p
X

−

mrS

+N

sri

i=1

|mrΩ (θ) − mrS |
+ 2p ∙ s2s
1 .
N

On dividing by M 2K each term on the R.H.S converges to 0 and hence we have,

b Spp (ΣN )) − J(θ,
b Spp+1 (ΣN ))] ≤ 0.
M −2K [J(θ,

−1

p
X
i=1

sri

!
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Similarly, the proof can be extended for any Sp p+j (ΣN )) with j ≥ 1.
b Spp−2 (ΣN )) we have,
(d) Again, on expanding J(θ,
b Spp−2 (ΣN )) − J(θ,
b Spp−1 (ΣN ))
J(θ,
=

K
X
r=1

(λrp−1 + srp−1 )2 − 2

K
X
r=1



(λrp−1 + srp−1 ) N mrΩ (θ) −

N
X
i=p



sri − λrp 

and as before we can dominate the terms without ‘λi ’s by those containing λi by noting λ1 ≥
. . . ≥ λp > M . Hence we get,
b Spp−2 (ΣN )) − J(θ,
b Spp−1 (ΣN )) =
J(θ,

K
X
r=1

r
r
λ2r
p−1 + 2λp−1 λp

!

(1 + o(1)) ≥ 3λ2K
p (1 + o(1))

and the result follows for q = p − 1. Following the same line the proof can be generalized for



any q < p.

Choice of M : If M is unknown it can be estimated and for our purpose any crude estimate
of M would work. Note by our assumptions on M , max(NM2/K ,bs ) → 0 as N, T → ∞, where sb1
1
P
is the largest eigenvalue of T1 Tt=1 Ut Ut0 . If Uij are Gaussian then the order of sb1 is known and

b Spq (ΣN )) vs q has the following
thus an estimate of M can be constructed. But, the plot of J(θ,

convenient properties, based on which p can be estimated efficiently even without estimation of
the order of M :
b Spq (ΣN )) is decreasing for q ≤ p and with a huge rate of decrease.
(1) J(θ,
b Spq−1 (ΣN )) − J(θ,
b Spq (ΣN )) ≥ 3sM 2s for q ≤ p.
J(θ,

(2) The rate of change after p is very small compared to the rate of decrease before
b Spp (ΣN ))|
b Spp+j (ΣN )) − J(θ,
|J(θ,
→ 0.
M 2s

Unknown θ: The next issue to be resolved is the case when the parameter θ is unknown and
needs to be estimated. In this case, we have to be cautious as there can be overfitting of paramb Spq (ΣN )) = 0 for all q = 0, 1, . . .
b θ,
eters. If there are more than s unknown parameters, then J(
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and we will not get a consistent estimator based on the method of moments estimation. We
b θ̂, Spq (ΣN ))
assume that the number of unknown parameters (in θ) estimated by minimizing J(
is small enough so that we do not have overfitting. Furthermore, our stopping rule gives a con-

sistent estimate for p under the following assumption assumption (which can be checked given
a particular parametric model):
for all q.

b q (ΣN ))−J(θ,Sp
b θ,Sp
b
J(
q (ΣN ))
M 2K

→ 0 in probability for any given θ and
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Figure 1. The effect of increasing the noise-to-signal ratio on the estimated number of factors.
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Table 1. Monte Carlo simulations for Designs I and II.
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Table 2. Monte Carlo simulations for Designs III and IV.
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Table 3. Estimation of misspecified models. Data is generated according
to Designs III and IV but a model with AN = σ 2 IN and BT = IT is assumed.
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Table 4. Estimation of misspecified models. Data is generated according
to Designs V and VI but a model with AN = σ 2 /(1 − ρ2 )IN , (BT )i,j = ρ|i−j|
is assumed.
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online appendix
B.1. Using Freeness to Derive Mixed Moments of Non-commutative Random Variables
Freeness is a convenient property of random variables since it amounts to an iterative procedure for computing mixed moments of products of random variables from the moments of the
constituent random variables. Notice that we can re-write the expression in Definition 2 for the
case when φ(ak ) 6= 0 by subtracting the individual means:
(B.1)

φ((a1 − φ(a1 )1) (a2 − φ(a2 )1) ... (ak − φ(ak )1)) = 0.

Our primary focus is on the computation of mixed moments msab = φ((ab)s ). We illustrate
this process for the first two moments.
If a and b are free then,
(B.2)

φ((a − φ(a)1) (b − φ(b)1)) = 0,

and expanding,
(B.3)

φ(ab − φ(a)b − aφ(b) + φ(a)φ(b)) = 0,

(B.4)

φ(ab) − φ(a)φ(b) − φ(a)φ(b) + φ(a)φ(b)) = 0,

(B.5)

m1ab = φ(ab) = φ(a)φ(b).

Notice that this expression is the same as the one we would obtain if a and b were independent
random variables in a classical probability space. Now consider, m2ab = φ((ab)2 ). Since a and b
are non-commutative, msab = φ(abab), we start by expanding the expression:
(B.6)

φ((a − φ(a)1) (b − φ(b)1) (a − φ(a)1) (b − φ(b)1)) = 0.
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If a and b are freely independent then so is the product abab. We can apply Definition 2
since all adjacent terms of the product are free and hence:
(B.7)

φ((a − φ(a)1) (b − φ(b)1) (a − φ(a)1) (b − φ(b)1)) = 0.

We can expand this expression to obtain:
(B.8) φ(abab) − φ(a)φ(bab) − φ(b)φ(aab) + φ(a)φ(b)φ(ab) − φ(a)φ(abb)+
φ2 (a)φ(bb) + φ(a)φ(b)φ(ab) − φ2 (a)φ2 (b) − φ(b)φ(aba)+
φ(a)φ(b)φ(ba) + φ2 (b)φ(aa) − φ2 (a)φ2 (b) + φ(a)φ(b)φ(ab)−
φ2 (a)φ(b)φ(b) − φ(a)φ2 (b)φ(a) + φ2 (a)φ2 (b) = 0
Using the fact that φ(ab) = φ(a)φ(b) and that φ(aba) = φ(aa)φ(b) we can simplify this
expression as:
(B.9) φ(abab) − φ2 (a)φ(bb) − φ2 (b)φ(aa) + φ2 (a)φ2 (b) − φ2 (a)φ(bb)+
φ2 (a)φ(bb) + φ2 (a)φ2 (b) − φ2 (a)φ2 (b)−
φ2 (b)φ(aa) + φ2 (a)φ2 (b) + φ2 (b)φ(aa) − φ2 (a)φ2 (b)+
φ2 (a)φ2 (b) − φ2 (a)φ2 (b) − φ2 (a)φ2 (b) + φ2 (a)φ2 (b) = 0
Since most of the terms in this expression cancel, we obtain
(B.10)

φ(abab) = φ2 (a)φ(bb) + φ2 (b)φ(aa) − φ2 (a)φ2 (b).

B.2. When are two matrices free?
In general two arbitrary matrices are not freely independent even if the elements of the
matrices are independent, since their eigenspaces may satisfy a particular relationship to each
other. One of the main insights of random matrix theory is that certain matrices become freely
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independent asymptotically as N → ∞ (Voiculescu, 1998). Note that asymptotic freeness for
large random matrices Y requires both the convergence of the probability law P as N → ∞ and
Definition 2 to be satisfied for φN (Y ) = limN →∞ N1 EX tr(Y ). The convergence of the probability
law implies the convergence of all moments of the eigenvalue distribution in the large N limit.
Consider the set of matrices S distributed uniformly on the Stiefel manifold (Anderson, 2003,
Definition 4.5.1).
d

Definition 3: Let SN be an N × N matrix satisfying S 0 N SN = IN and SN HN = SN for

all orthogonal matrices HN . Then SN is uniformly distributed on the group of square orthogonal
matrices O(N ).

Let μ be the probability measure on the random matrices SN in Definition 3. Then μ is the
unique probability measure on O(N ) such that for some D ⊂ O(N ), μ(ΓD) = μ(DΓ) = μ(D)
for al Γ ∈ O(N ). The distribution μ is referred to as the Haar (invariant) distribution on O(N ).

Lemma 3: Let SN be an N × N matrix with the Haar distribution and XN and YN two

sequences of random N ×N symmetric matrices such that their empirical eigenvalue distributions

converge to proper non-random distributions with bounded support. If SN is independent of XN
and YN then XN and SN YN S 0 N are asymptotically free as N → ∞.
Proof: See Speicher (2005).

Note that by the spectral decomposition of the the matrix YN , the effect of the Haar distributed random matrix SN is to introduce a random rotation in the eigenvectors of YN . Asymptotic freeness requires us to identify matrices that are rotationally invariant and thus preserve
the information on the eigenvalue distribution independently of the eigenvectors which are now
randomly rotated. Hence we are particularly interested in matrices YN which are unitarily invariant, that is the spectrum of YN and that of SN YN S 0 N is the same for SN on the orthogonal
group. More formally, we can use the following lemma (Anderson, 2003, Lemma 13.3.2) for
normalized matrices.

42

Lemma 4: Let CN be an arbitrary matrix of order N and define the following normalization:

(B.11)

n
.
.
.
o
J(CN ) = diag (CN )1,1 |(CN )1,1 |, (CN )2,2 |(CN )2,2 |, ..., (CN )N,N |(CN )N,N | .

If the orthogonal matrix SN of order N has a distribution such that (SN )i,1 ≥ 0 and if
S ∗ N = J(SN HN )SN HN

has the same distribution for every orthogonal matrix HN , then SN has the conditional Haar
invariant distribution.
Proof: See Anderson (2003, pp. 542).
The conditional Haar invariant distribution is the conditional distribution of a normalized
orthogonal matrix SN with the Haar distribution, where we let the (SN )i,1 ≥ 0. It is equal to
2N times the Haar distribution.
If YN is a covariance matrix, unitary invariance requires that the normalized eigenvectors
WN from the spectral decomposition of YN = WN DN W 0 N be distributed conditionally Haar and
independent of DN , the diagonal matrix of eigenvalues. This ensures that further rotations by
Haar distributed orthogonal matrices SN do not change the eigenvalue distribution. Covariance
matrices satisfying this requirement include those derived from matrices with iid Normal elements, YN = (1/T )0 , where ()i,j are distributed iid N(0,1). This is captured by the following
result:
Lemma 5: Let WN = (w1 , w2 , ..., wN )0 be the matrix of normalized eigenvectors of a covariance matrix YN , where (w)1,i ≥ 0 and where YN is distributed according to a Wishart distribution

with mean IN , then WN has the conditional Haar invariant distribution and WN is distributed
independently of the eigenvalues of YN .
Proof: See Anderson (2003, Theorem 13.3.3).
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B.3. Computing Mixed Moments
The mixed moments of AN ΨN can be computed recursively by applying Definition 2 to the
moments of AN and ΨN , when these are freely independent. First, notice that the moments of
ΨN are given by Lemma 1:
(B.12)

m1Ψ = 1

(B.13)

m2Ψ = 1 + c

(B.14)

m3Ψ = 1 + 3c + c2

(B.15)

m4Ψ = 1 + 6c + 6c2 + c3

(B.16)

m5Ψ = 1 + 10c + 20c2 + 10c3 + c4

(B.17)

m6Ψ = 1 + 15c + 50c2 + 50c3 + 15c4 + c5 .

Free independence implies that m1 (AΨ) = m1A m1Ψ . But since m1Ψ = 1, we have
(B.18)

m1 (AΨ) = m1A .

Similarly free independence implies that:
(B.19)

2
2
2
2
m2 (AΨ) = m1A m2Ψ + m1Ψ m2A − m1A m1Ψ .

Substituting m2Ψ = 1 + c and m1Ψ = 1 in the expression above we obtain:
(B.20)
(B.21)

m2 (AΨ) = m1A

2

(1 + c) + m2A − m1A

2

2

m2 (AΨ) = m2A + c(m1A ) .

We can continue this process to obtain:
(B.22)

m3 (AΨ) = m3A + 3cm1A m2A + c2 (m1A )

3
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(B.23)

m4 (AΨ) = m4A + 2c



m2A

2


4
2
+ 2m1A m3A + 6c2 (m1A ) m2A + c3 ( m1A ).

The expressions in Example 3 follow immediately by substituting the moments of AN . This
recursive procedure is easy to implement using symbolic software such as Maple or Mathematica
in order to derive the analytic expression for any moment of interest.
B.3.1.

Proof of Proposition 5. Define the series %F (w) = 1/

∞
P

s=1

msF ws where msF are the mo-

ments of some probability distribution F . Let SF (w) = %F (w)(1+w)/w. Let X and Y be two free
random variables with associated probability measures F and G. Then, SF (w)SG (w) = SF G (w)
(Voiculescu, 1998).
Now consider the Cauchy Transform GΩ of ΩN as N → ∞ and let msΩ be the moments of
∞
P
the asymptotic eigenvalue distribution of Ω. Then GΩ (w) =
msΩ /ws+1 . Following Burda
s=0

et. al. (2006) we can let GΩ (w) = MΩ (w)/w + 1 such that MΩ (w) =

∞
P

s=1

msΩ /ws . Note also

that MΩ (%Ω (w)) = w. From the definition of the Cauchy transform we have N −1

N
P

p=1

1 + w. Furthermore, N −1

N
P

p=1

1
1−λp /%A (w)

denominator by 1/%Ψ (w) we have N −1

N

−1

N
X

N
P

p=1

for w we have N −1

N
P

N
P

p=1 1−

1/%Ψ (w)
1/%Ψ (w)−λp /[%A (w)%Ψ (w)]

= 1 + w. Since SA (w)SΨ (w) =

1/%Ψ (w)
= 1 + w.
1/%Ψ (w) − zλp /((1 + z)%AΨ (w))

p=1

Furthermore, we have N −1

=

= 1 + w. If we now multiply both the numerator and

p=1

SAΨ (w) we have,

1
1−λp /w

1
1−(λp %Ψ (w))/(( 1+z
)%AΨ (w))
z

1

λp %Ψ (M (w))
1+MΩ (w)
w
MΩ (w)

= 1 + MΩ (w).

= 1 + w. If we now substitute MΩ (w)
Re-writing this expression we obtain

Ω (w))
). Moreover, it ca be shown that %Ψ (w) = (1 + w)(c + w)/w. SubMΩ (w) = MA ( Mw(1+M
Ω (w)%Ψ (M (w))

stituting in the previous expression (and after some further cancelations) we obtain MΩ (w) =
MA ( 1+cMwΩ (w) ). Re-writing this expression as a series we obtain the expression in Proposition
s
∞
∞
∞
P
P
P
msΩ
msA
mrΩ
5:
=
(1
+
c
)
.
s
s
r
w
w
w
s=1

s=1

r=1
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B.3.2.

Time-Series Correlations.

Proof of Proposition 6. The proof of equation 9 is very similar to that of given in Proposition
5 with (Ψ, B) substituted for (A, Ψ) and using the fact that MΨB (w) = cM 1 B0 (w). We can
T

expand equation 9 as follows:
(B.24)

c(MΩ − 1) = c

3
4
m1B
m2
2
3 mB
3
4 mB
M
+
c
M
+
c
M4 + O(w−5 ),
M + c2 B
w
w2
w3
w4

where
(B.25)

M=1+

m1Ω m2Ω m3Ω m4Ω
+ 2 + 3 + 4 + O(w−5 ).
w
w
w
w

Expanding the RHS of equation B.24 in terms of 1/w we obtain:
(B.26)



1
1
1
cm1B + 2 cm1B m1Ω + c2 m2B + 3 cm1B m2Ω + c3 m3B + 2c2 m2B m1Ω +
w
w
w


2
1
+ 4 3c3 m3B m1Ω + cm1B m3Ω + c2 m2B (2m2Ω + m1Ω ) + c3 m4B + O(w−5 ).
w

c(M − 1) =

Dividing both sides by c, equating terms in powers of 1/w and substituting recursively for earlier
terms we obtain:
(B.27)

m1Ω = m1B

(B.28)
(B.29)

m2Ω = cm2B + m1B m1Ω = cm2B + m1B

2


2  1
m3Ω = c2 m3B + 2cm2B m1Ω + m2Ω m1B = c2 m3B + 2cm2B m1B + cm2B + m1B
mB

which can be further simplified as
(B.30)


2  1
m3Ω = c2 m3B + 2cm2B m1Ω + m2Ω m1B = c2 m3B + 2cm2B m1B + cm2B + m1B
mB
m3Ω = c2 m3B + 3cm2B m1B + m1B

(B.31)

3

Additionally, we have:
(B.32)

2
m4Ω = m1B m3Ω + cm2B (2m2Ω + m1Ω ) + 3c2 m3B m1Ω + c3 m4B
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which after substituting the values of m3Ω , m2Ω and m1Ω derived above and simplifying leads
to:
(B.33)

m4Ω = c3 m4B + 4c2 (m3B m1B +

4
1 2 2
2
mB ) + 6cm2B (m1B ) + m1B .
2

Example 2: Consider a model where the idiosyncratic errors follow an AR(1) process Uj,t =
2 )=
ρ Uj,t−1 + j,t , for j,t white noise such that E(j,t ) = 0 and E(2j,t ) = σ 2 . Recall that E(Uj,t

σ 2 /(1 − ρ2 ) and E(Uj,t Uj,t−k ) = (σ 2 ρk )/(1 − ρ2 ). This implies a separable covariance model with
AN = (σ 2 /(1 − ρ2 ))IN and (BT )m,n = ρ|m−n| . Thus the model for the time series correlations
BT corresponds to a Toeplitz matrix where the first (main) diagonal is 1, the second (upper and
lower) diagonals are ρ, the third (upper and lower) diagonals are ρ2 etc. In order to guarantee
that the spectrum of BT is bounded we need to assume absolute summability, i.e.
∞
X

(B.34)

k=0

|ρ|k =

1
< ∞,
1 − |ρ|

which implies |ρ| < 1. In order to compute the eigenvalue distribution of the matrix BT as
T → ∞ we define the Fourier series f (ζ) such that

(B.35)

f (ζ) = limT →∞

+∞
X

ρ|k| exp(ikζ) =

k=−∞

1 − ρ2
.
1 − 2ρ cos(ζ) + ρ2

Let λk , k = 1 . . . T be the eigenvalues of the matrix BT for T → ∞. Then, by a classic
theorem of Grenander and Szego (1958), we have that for any positive integer s
Z 2π
T
1
1X s
s
(B.36)
mB = limT →∞
λk =
[f (ζ)]s dζ.
T
2π 0
k=1
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Table 5. Estimation of the variance parameter σ 2 in Designs I and II.
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Table 6. Estimation of the variance parameters σ 2 and ρ in Designs III and IV.

