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12. Extending a Dynamic Model
of Protocoalition Formation

Bernard Grofman:

12.1 Introduction

With some loss of historical accuracy, we may think of there having been two
generations of research on formal models of coalition formation. The first gen-
eration (see, e.g., Browne 1971; Koehler 1972; Rohde 1972a, 1972b; Leiserson
1968; Dodd 1976) was inspired by Riker’s seminal statement of the minimal
winning coalition hypothesis (Riker 1962; Gamson 1961).? The second gener-
ation of models has focused on policy-driven motivations. The best known of
these models is Axelrod’s (1970) notion of undimensionally “connected” coali-
tions (cf. Leiserson 1970a, 1970b; Hinckley 1972; Rohde 1972¢). DeSwaan
(1970, 1973) proposed a closely related notion of “policy distance minimizing”
coalitions. Similar approaches are also found in Morgan (1976) and in Browne,
Gleiber and Mashoba. (1984). The early emphasis on minimum winning coali-
tions has been found inadequate both empirically (Browne 1971; Taylor and
Laver 1973)% and theoretically. For example, Grofman (1984) has argued that
real world coalition politics is very unlikely to be zero sum in nature, and thus
a key assumption of Riker’s (1962) work is inappropriate to the cabinet coali-
tion context. More generally, several authors (see Luebbert 1986; Franklin
and Mackie, 1984; Schofield 1984) have made very similar points about the
inability of most coalitional models of cabinet formation to account for the
substantial number of minority and supra-minimal coalitions or to accommo-
date the dramatic differences in coalitional types across countries.

Minority governing coalitions are common in a number of countries, and
are actually the predominant type in some countries (e.g., Norway, Sweden,
Denmark) (see Luebbert 1983; Taylor and Laver 1973; Schofield 1993a), while
they never or almost never occur in other countries (e.g., Israel, the Nether-
lands, Belgium, Germany). Luebbert (1983), Straffin and Grofman (1984) and
Franklin and Mackie (1983, 1984), among others, have suggested that the po-
litical cultures of various countries may result in parties in different countries

! This article is a revision and extension of Grofman (1982). Figures 1-4 are reproductions
or adaptations of those presented in that article.

2Riker's own (1962) formulation gave rise to two quite distinct hypotheses: one is the
“minimal winning coalition” hypothesis; the second is the assertion that the winning coali-
tion which will form will be one with the least resources (that is the smallest total number
of seats) needed to win. The set of such “least resource” coalitions will, of course, be a (not
necessarily proper) subset of the set of minimal winning coalitions.

3 Also, the empirical evidence is such that the “least resource” hypothesis can clearly be
rejected, as can the “fewest actor” hypothesis.
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assigning different relative weights to their concerns for ideology and power.
Luebbert (1983) points out that countries differ in the opportunities “politi-
cians have for party cooperation inside and outside the cabinet context.” This
in turn has implications concerning the set of potentially winning coalitions
that parties wish to join, becaunse differences in political systems affect the
feasibility of parties’ options to combine de Jure opposition with de facto co-
operation. Luebbert also reminds us that party leaders must retain the support
of parliamentary party and extra-parliamentary activists and must maintain
party unity—achievements sometimes best accomplished from outside a gov-
erning coalition. Such observations suggest another failing of most coalitional
models—an inability to allow for the possibility of a party choosing to be in a
role supporting the governing coalition (¢f. Lijphart, 1984).

Still another type of limitation of many coalitional models is their plethora
of predicted coalitions. While there are statistical models that do allow one to
compare the predictive fit of models that make unique or relatively few pre-
dictions with those offering many potential outcomes (see, e.g., Winer 1979;
Franklin and Mackie 1984), it would be useful if every model made relatively
specific predictions. On the other hand, there are situations where there is
a unique coalitional prediction but a multiplicity of real-world outcomes. In
Italy, for example, coalitions form, then dissolve, and are replaced by other
coalitions without any new election taking place or any change in the number
of seats held by parties in the parliament. Models such as those of Grofman
(1982), which make unique predictions, have been criticized (Rapoport and
Weg 1986) for exactly this reason. However, in most countries, cabinet coali-
tions do almost always remain in place until a new election, and in such cases
a model that makes a unique prediction is desirable. Thus, it would seem
desirable to identify different models as being appropriate either for different
situations, or to have a single model which somehow can “tell” when (in what
countries, and in what contexts) it ought to make a unique prediction and
when there must be multiple predictions (¢f. Luebbert 1986). Alternatively,
when multiple coalitions form even though seats are unchanged, it is possible
to introduce stochastic error to account for the likelihood that party locations
are known only imprecisely or are subject to “random” fluctuation (Straffin
and Grofman 1984; Grofman, Straffin and Noviello, this volume).

A final important limitation of applications of most of the earliest models of
coalition formation is that their use is limited to cases with one-dimensional
policy spaces. Many European party systems can best be characterized in
multidimensional terms (Budge, Robertson, and Hearl, 1987). Recent models
which are applicable to multi-dimensional as well as undimensional policy
spaces include the “competitive solution” (McKelvey, Ordeshook and Winer
1978; Winer 1979; Ordeshook and Winer 1980); game-theoretic models that
use bargaining set notions (Aumann and Maschler 1964; Schofield 1982;
Schofield and Laver 1985) or the concept of the core of voting games (Schofield
1986; Schofield, Grofman and Feld 1986; Schofield and Laver 1987; Laver and
Schofield 1990; Schofield 1993a,b); the inertial model of Owen and Grofman
(1984); Grofman’s (1982) model of protocoalition formation; and Rapoport
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and Weg’s (1986) multi-criterion approach. A useful review of the properties
of a number of some of these “third generation” models is found in Straffin
and Grofman (1984) and Schofield (1993a).

In this paper, I explicate the properties of one simple policy-driven dy-
namic model (Grofman 1982) of protocoalition formation in the multidimen-
sional context and then offer a modified form of this model which I believe
substantially improves its predictive power. I compare the predictive power
of the original model, which yields a unique prediction for each situation, to
that of several other coalition models; then I consider how the model might be
modified to cope with multiple coalitions arising from a single election (using
data from Italy). The modified protocoalition model addresses the objection
of Luebbert (1983) to models which require winning coalitions to form (and
thus cannot cope with minority government).

I also wish to argue in this paper for the importance of using standing
coalitions, not governing coalitions, as the best data source with which to test
policy-driven models of cabinet formation. The reason that supporting parties
are usually omitted from consideration in tests of coalition formation models
is that cabinet membership symbolizes for a party a commitment to publicly
participate in the governing coalition, and an.explicit bargain among the par-
ties in the governing coalition as to the coalition’s membership and division of
cabinet responsibilities. Cabinet and subcabinet posts are customarily taken
to be the currency in which parties are rewarded for their agreement to partic-
ipate in the governing coalition. Thus, absence of a party from the governing
coalition is taken to indicate absence of a party from the winning coalition.
However, if we take the “spoils of victory” to be not simply jobs but, at least
equally importantly, government policies to one’s liking, then we can take
support in a vote of confidence to indicate a party’s preference for continuing
the policies of the governing coalition. Parties which offer such support are
obviously benefiting from the governing coalition, even if they do not wish
for themselves (or the parties in the governing coalition do not wish to give
them) cabinet or sub-cabinet posts. It is the standing coalition rather than the
governing coalition which is most likely to be ideologically—connected, because
idiosyncratic factors may keep a given party out of the governing coalition,
even though its ideological position makes it very likely, because of policy
similarities, to support the governing coalition in a vote of confidence.

12.2 A Dynamic Model of Protocoalition
Formation

In some Western European countries (e.g., Italy, France, and Denmark) there
appears to be strong support for the view that ideologically connected coali-
tions predominate, (See Axelrod 1970; Damgaard 1969; Rosenthal 1969; Mor-
gan 1976; DeSwaan and Mokken 1980.) That the predominance of such con-
nected coalitions is due to some form of policy /ideological diversity minimiza-
tion is, I believe, also well supported—although the evidence here is more
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indirect. (See the discussions in DeSwaan 1973; Flanagan 1973; Budge and
Farlie 1978.) Certainly the notion that political parties seek to join a coalition
whose policy and/or ideological center is one from which they are not too far
distant is an intuitively plausible one. Operationalizing such a notion how-
ever can be done in different ways. In this paper I use the dynamic model of
protocoalition formation in m-space postulated in Grofman (1982).

In this use of the model, it is assumed that political parties are locatable
as points in some m-dimensional space with metric properties.* Each political
party is assumed to evaluate the relative desirability of potential coalition
partners in terms of the distances of other parties from itself. 1 assume that
each party is a potential member of a protocoalition, and that each party or
protocoalition seeks to attract others into a coalition with it so as to eventually
form a winning coalition. (Later I shall modify this assumption slightly.)
Parties will not in general all be of equal weight. The weight of a party
is assumed to be the number of seats it has in the legislature. I posit a
multistage process of protocoalition formation. At stage 1 each political party
attempts to form a protocoalition of itself and the party nearest to it in m-
space. Nearness is defined in terms of proximity based on weighted distance,
E.T-'Ffu'}; i.e., the proximity of actor 7 with weight w; to actor j with weight wj,
when these two are separated by a distance d. Hence, although distance is
of course symmetric, proximity is not symmetric, except for the special case
where w; = wj.

If and only if party ¢ is the party closest to party j and party j is also the
party closest to party ¢, where closeness is in terms of weighted distance, do
the two join together in a protocoalition.® The reason for using a proximity
measure which is a function of both distance and (relative) weight is simple.
I believe that the position between a strong (high-weight) actor and a weak
(low-weight) actor that the protocoalition will adopt in m-space will reflect
the relative weights of the actors and thus will be closer to the stronger than
the weaker actor’s ideal policy position. The proximity measure captures the
notion that if weak actor ¢ joins strong actor j, then i must move further
from his ideal point than j does from his ideal point; i.e., the proximity of 4
to j is a measure of the distance actor ¢ would “travel” if he were to join a
protocoalition with actor j.

If no winning coalition is formed at stage 1, stage 2 begins. Once a proto-
coalition is formed, it is assumed to act as a single party, although determining
the center of gravity of subsequent larger protocoalitions it may enter will be
based on the weight of the parties in it. Parties that do not form pairs are
“isolate” protocoalitions. At stage 2, the process I have discussed for stage 1
continues at the protocoalition level; i.e., each protocoalition seeks to merge
with exactly one protocoalition. Protocoalition I joins protocoalition J if and
only if the center of gravity of protocoalition I in ideological space is closest

4The protocoalition model is potentially applicable to coalition processes in a variety of
areas in addition to cabinet formation.

51 assume, for simplicity, that distances are sufficiently “finely” measured so as to elimi-
nate the possibility of ties.
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to the center of gravity of protocoalition I+ J, and if the center of gravity of
the protocoalition J is closest to the center of gravity of protocoalition I +J.
If no winning coalition is formed, stage 3 begins. The process continues until
a winning coalition is formed.

The model posited above emphasizes the reciprocity required for a coalition
to form—both partners must have no other coalitions which they prefer to
Join and which it is feasible for them to join. We may illustrate this model of
protocoalition formation with a simple example in unidimensional space. Let
n (the number of parties) be 5, and let X (the resources needed for a winning
coalition) be a simple majority, where all parties begin with equal weight.

A B ¢ D E.

Consider the parties arrayed in ideological space as above:

Stage 1: B and C join together as do D and E. A is left “solate,” since its
“natural” protocoalition partner B prefers to join a protocoalition with (.

Stage 2: The protocoalitions 6f B+C and D+ E coalesce to form a winning
coalition. A remains isolated since its “natural” protocoalition partner B + C
prefers to merge with D + E.

This example leads us to assert two interesting results:

Result 1: The process of protocoalition formation posited above need not
lead to a minimal winning coalition.

Of course, if the center of gravity of each of the coalitions A + B + ¢ and
B+C were closer than the center of gravity of the coalition (B+C)+ (D+E),
then a minimal winning coalition (A+ B + C) would form. Such a coalition
would form if the distance between A and the midpoint of B + ¢ were less
than % the distance between the midpoints of B + C and D + E. Because
B+ C is a two-person protocoalition, the protocoalition B + C' is twice as
important (has twice the weight) as the protocoalition A4 in determining the
center of gravity of the coalition A + (B+C).

Result 2: The process of protocoalition formation posited above need not
lead to a winning coalition whose center of gravity is the median party, C,
in the overall space; nor must the median party be the party closest to the
coalition’s center of gravity.

Indeed, in the example I have given, in no possible winning coalition is the
center of gravity located in the median party, C. In the coalition A + (B+0O),
B is closer to the coalition’s center of gravity than is C; and in coalition
B+C)+ (D + E), D is closer to the coalition’s center of gravity than is C.

In the protocoalition model it is demonstrated that
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Result 3: The process of protocoalition formation posited above must ulti-
mately lead to a winning coalition and can never lead to deadlock;® and

Result 4: In unidimensional space, the process of protocoalition formation
posited above necessarily generates connected protocoalitions; i.e., if two par-
ties, I and X, are to be found in some protocoalition, any parties “between”
them in the space must always be in the protocoalition.

In order to see if Result 4 can be generalized to the m-dimensional case, we
require a notion of “connectedness” applicable to m-space. In unidimensional
space, a (proto)coalition can be said to be connected when it includes all actors
on any line segment connecting any two members. A natural generalization
of this to m-space follows:

Figure 1. Model of m-connectedness.”

Definition: A (proto)coalition shall be said to be connected in m-space (or,
equivalently, m-connected) when it includes all actors in or on any convex hull
defined by any m + 1 members of the (proto)coalition.

As far as I am aware, this generalization of the connectedness notion was
first proposed by the protocoalition model. I believe the only author previous
to Grofman (1982) to have looked at connectedness in m-space was Rosenthal
(1969), who used a graph theory model in which connected subgraphs indicate
relative closeness in an otherwise ordinal and unidimensional space. Of course
for m = 1, “m connectedness” is simply “connectedness”.

Our definition of m-connectedness can be made clear by a simple two-

8 Grofman proved this result for n = 3,4, and 5. The general case result given in Grofman
(1982) was independently derived by Philip Straffin and Christopher Nevison. See Straffin
and Grofman (1984).

"From Grofman, B., 1982, p. 81.







