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1. Introduction

The Electoral College remains a controversial feature of U.S. political deci-
sion-making. After most U.S. presidential elections, there are calls for pas-
sage of a constitutional amendment to either abolish it or to ‘reform’ it sub-
stantially. There are numerous complaints about the Electoral College, of
which the most important is the potential for the winner of the Electoral
College majority to be a popular vote loser. Consider three assertions that
often surface in the debates about the political impact of the Electoral Col-
lege.

First, the Electoral College is alleged to benefit the smaller states. Here the
argument is simply that the failure of the Electoral College to satisfy the
‘one person, one vote’ standard by overweighting the seat shares of the
smaller states disproportionately advantages those states in terms of their
influence on presidential outcomes. An implication of this claim is that, ce-
teris paribus, candidates should spend more time and money campaigning in
the smaller states than their populations would otherwise justify.

Second, the winner-take-all feature of statewide voting used in the Elec-
toral College by 48 of the 50 states (and the District of Columbia) is alleged
to benefit the larger states. Here, we have the argument, based on game theo-
retic ideas about pivotal power, that the Electoral College should dispropor-
tionately focus candidate attention on the largest states, since it is claimed
that, ceteris paribus, the citizens in those states have a likelihood of being piv-
otal in the election in terms of turning a losing coalition of states into a
winning one that is more than proportional to their state’s share of Elec-
toral College votes (Brams and Davis 1974).
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Third, it has recently been suggested that the Electoral College operates
to benefit the siates experiencing close contests for the presidency, by focusing candi-
date attention only on the relative handful of potentially competitive states,
leaving much of the country barely aware that a presidential election is go-
ing on.

It might appear obvious that all these assertions cannot be true. In par-
ticular, it is far from intuitive how the Electoral College might structure in-
centives so as to simultaneously make it more likely that candidates would
campaign in both the largest states and the smallest states at levels higher
than the population of those states would seem to merit. Yet, as we will see,
we can construct models in which this underrepresentation of the states of
middling population can occur. However, unless closeness and size are per-
fectly correlated, or unless the effects of state size and level of competition
on campaign investments act in a completely additive fashion, then we need
to follow up on a point made in Brams and Davis (1974: 132) about the de-
sirability of relaxing the restrictive assumption they make that each state’s
already decided voters are divided equally between the two parties on use of
poll data about closeness.

An important distinction to make here is that between a priori voting
power, which is based entirely on the laws and description of the voting
process, and the aciual power which depends on likely coalitions. Since we
are specifically considering political processes, it is clear that certain coali-
tions (e.g., coalitions among voters with similar ideology, or among voters
living in a given area) are more likely than others. We discuss both types of
power, but will give modifications mainly for the second (practical) case.

There are several power indices in the literature. The best known are the
Shapley-Shubik (1954) and Banzhaf (1965)/Coleman (1971)indices. Ap-
plication of these indices shows that the larger states (California, New York,
etc.) have substantially greater power than one would normally expect.
Owen (1975; 1995: 302) found that — on the basis of 1970 census figures — a
voter in California had, a priori, 2.86 times as much power as a voter in
North Dakota. This was so even though North Dakota had then 2.87 times
as many electoral votes per capita as California. The question is whether this
rather unintuitive result is reasonable; if not, we would like to suggest modi-
fications.

We will limit ourselves to discussion and modifications of the Shapley-
Shubik index. Other power indices give similar results; it is not necessary to
discuss them here.

2. Multilinear Extensions

Our approach to the power index will be based on the multilinear exten-
sion (Owen 1972). Let (N,v) be an n-person TU game in characteristic
function form. Then the multilinear extension
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represents the expected worth, E[v(¢)], of a random coalition ¢, given that
each player, 7, has probability ¢; of belonging to the coalition, and that all
these probabilities are independent. The partial derivative fi=0fi/0q;
represents the expected marginal contribution, v(¢U{i})- v(¢—{i}), of ¢
to this random coalition.

Now the Shapley value can be obtained by the formula, from Owen
(1972),

1
m,{v]:ff,-(t],...t,, )t (2)
0

in which the Russian letter w (sha) stands for the Shapley value. This
formula can be interpreted by the following parable: the » players in a game
have agreed to meet in a given place, at a given time. Because of random
fluctuations in watches, unforeseen delays, etc. they in fact arrive in some
random order. Each one’s arrival time is a random variable, X;: these n
random variables are independent and have identical distribution. So long
as this is a continuous distribution, there is no loss of generality in assuming
that it is a uniform distribution over the unit interval.

We assume, as described in (Shapley 1953), that, on arrival, player ¢ is
paid his marginal contribution to the coalition consisting of those players
who have already arrived. Then the value w;[v] is precisely player i’s ex-
pected payment.

Suppose, however, that the n players’ arrival times are not identically dis-
tributed. (One is habitually tardy; another is an early riser, etc.) We let g;
be the cumulative distribution for #’s arrival time, i.e. gi(t)=Pr{X; <t},
and assume these variables are independent and absolutely continuous (so
each can be represented by a density function g!). Then

Vi = | fi(g:(t),.... g (1)) gl(t)dt (3)

>

is the expected payment to i under these assumptions.!
To see how this works, we give two easy examples, with three players
each, and normal distributions for their arrival times.

Example 1 Consider a three-person situation, where any two of the voters
form a winning coalition. In this case, the multilinear extension is given by

"In formula (3), A and B should be chosen so that all gi(A)=0, and all g;(B)=1. Since
this may not be practical (e.g., some distribution may have infinite support), we merely require
that they be close to 0 and 1 respectively.



122 Guillermo Owen, Ines Lindner, and Bernard Grofman

Jlq1,92,93) = q1q2 + 195 + q29s — 2¢1924s.

The partial derivatives here are fi =gz +¢s —2¢2¢s and similarly for the
other two. Let the three voters’ times of arrival be normally distributed, with
means and standard deviations

Ha =0.4, o =0.1
Lo =05, (o8] 202
Hs =0.7, 2k =(0.1

We will let
gi(t) = PI‘{X,' S t}= @((t—-/,t,-/a,-))
where @ is the standard normal distribution function. Thus

21(t)=D(10t —4)
g2(t) = B(5¢t — 2.5)
gs{ty=P(10t-7)

Note that, for all three, we have g:(0) very close to 0, and g;(1) very close
to 1. Thus it should suffice to let A=0 and B=1 in our integration for-
mula above. (If a2 more precise result were necessary we could let A =-1
and B=2.)

From the above, we obtain the densities (derivatives)

21ty =10p(10¢ — t)
g4(t) = Bp(5t — 2.5)
g5(t) =10p(10t —7)

where ¢ is the normal density function, ¢(x) = (27) 7 exp {—xQ/ 2}.

The integration formula leads to the result ¥ = (0.323,0.490,0,187).
Thus, player 2, whose expected time of arrival is in the middle, has the ad-
vantage, though he will frequently (more than half the time) shift out of the
middle position. Player 1, whose expected position is more moderate than
that of player 3, does in fact considerably better than 3.

Note that this effectively assumes motion ‘from left to right’, with a coali-
tion forming as the leftmost members (those closest to 0) join first, then
those in the middle, and finally those on the right (closest to 1). We can
imagine as well motion from right to left (the reverse order), but in fact this
gives the same results as before. This is to be expected where the voting
game is decisive: for every coalition S, either Sor N\ S (but not both) is a
winning coalition. For such games, an order and the reverse order give the
same result.
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Example 2 Consider a similar three-person situation, with the same win-
ning coalitions and the same multilinear extension. The difference will be
in the three voters’ times of arrival, now characterized by

= 05, o1 =01
He=05,09=02
Hs = 0.5, o3 = 0.05

We continue as in Example 1. The integration formula now leads to the
result ¥ = (0.369,0.166,0.465). In this case, we find that player 3 is favored,
mainly because his smaller variance means he will generally be closer to the
center of the distribution, and thus more frequently in the middle, between
the other 2. But note that, if the voting game required unanimity, the situa-
tion would be quite different: in this case, we would find V=
(0.316,0.417,0.267).

Thus, where the expected times of arrival are different (as in example 1),
those players with expected positions near the median will be advantaged.
Where the expected arrival times of the players are all equal (as in example
2), and a simple majority of the votes is necessary to win, the player with
smaller variance is generally advantaged. (On the other hand, with a
supermajority necessary, the situation may well be different.) What is not
obvious from the example is that, when there are many players, the advan-
tage will (asymptotically) be inversely proportional to the square root of the
variance.

2.1 The Electoral College

Let us see how this applies to the Electoral College. There are n players
(states), with differing numbers of electoral votes, depending on the state’s
population. Let v be the nperson game among the states. Let m; be the
number of voters in state j, and let r; be the number of votes needed to de-
termine the state’s electors, which is in this case (m; +1)/2. We shall let
represent the simple game, with m; players, in which the minimal winning
coalitions are precisely those with exactly r; members. Let G;(y1,...,9.) be
the multilinear extension of game w; , and define

g =G,(t,....1). (4)

It is easy to see that g;(t) is in this case the probability that a binomial
random variable with parameters m; and ¢ be at least equal to r;. This
means that if each of the m; voters arrives according to a uniform distribu-
tion in the unit interval, g;(t) is the probability that a majority (or more of
these has arrived not later than time ¢: in other words, it is the probability
that state j will have its ‘time of arrival’ not later than ¢ (Owen 1975).
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Assuming m; to be large, we can approximate this binomial probability
by the normal distribution with mean tm and variance #(1—t)m; . Approxi-
mately, then,

g0 = @[——"—”——‘—] )

1[t(1—t)mj'

Next, we calculate the function f(g:,...gx). Let state jhave w; electoral
votes. Then, since g;(¢) is the probability that state j arrives on or before
time £ then the number of electoral votes that state j will have contributed
by time ¢ can be thought of as a random variable with mean w;g;(t), and
variance wig;()(1—g; (). It will follow that the number of electoral votes
Yin the random coalition ( has mean

My(t)=7) Jw;g;()
j

and variance

ohty= ) wig;O)(1-g;0)
7

Given the number of states, it is possible to approximate Y by a normal
random variable having the same mean and variance. Thus fcan be ex-
pressed in terms of the normal distribution function &, and the calculation
is then a straightforward problem in integration (easily carried out with cur-
rent computer packages, using Simpson’s rule). The reader is invited to
read (Owen 1975) for details of this integration.

It can also be seen that, since the ratios r;/m; are all nearly equal to 3,
then the change of variable

i
=y o
[t —1)]

gives us the much simpler expression

g;=0(rm;) %

where @ is the normal distribution function. Thus, the effect of difference

in population translates into a difference in variance: the time of arrival of

state jis now a normal random variable with mean 0 and variance 1/m;.*
Now, the Shapley value assumes that (a) all voters have their ‘time of ar-

2 1t should be noted that, under this change of variable, the values 0 and 1 for the original
variable, ¢ transform into —o and +co, respectively, for 7. The integral (3) becomes an improper
integral, but, in practice, it should suffice to let 7 run from -K to +K, where K is large enough
so that K\/E is of the order of 3 for the smallest of the constituencies.
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rival’ identically distributed and (b) these are independent, so that, in fact,
formula (1) above holds. We will call this the hypothesis of universal population
homogeneity and independence (HUPHI). This means that all the state positions
have identical means, with variance inversely proportional to the popula-
tion. The effect of this is that the larger states are more likely to be near the
centre, and, as in Example 2 above, are more likely to be pivotal if a simple
majority of the constituency weights is necessary to win. If, on the other hand, a
super-majority (say, two thirds) is necessary, then these larger states are less
likely to be pivotal (though of course they might still be stronger, simply be-
cause their voting weights are greater).

2.2 First Modification: Introduction of Undecided Voters

Suppose, now, that the HUPHI does not hold. Different states have differ-
ent distributions for their populations. We shall use a relatively simple
model for this; there are of course several other possibilities.

We assume that, in each state, part of the population is definitely on the
left, part is definitely on the right, and the remaining voters (the undecid-
eds) are the ones in play. In our ‘time of arrival’ parable, the left wing ar-
rives immediately at time 0, the right wing arrives at time 1, and the unde-
cideds arrive according to a uniform distribution in the unit interval. As
before, we wish to find g, the probability distribution of X, state j's time of
arrival,

Let m; be the voting population of constituency j, and let @; and b; be
the population of the left- and right-wing blocs respectively. Then the unde-
cideds are ¢; =m; —a; —b;. Assume, as before, that r; =(m; +1)/2 votes
are needed to carry the constituency; then the left-wing party requires
s; =1; —a; votes from among the undecideds.?

We will therefore consider only states for which 7; is greater than both
a; and b;.. Continuing as above, we would then find that the state ‘arrives’
when exactly s; of the ¢; undecideds have arrived:

gj(t):di[_ici;—_f_f__]. 7

JHL=0)c;

Ifwelet 4; =s,/c; we obtain

gi)=9 (8)

t(1—1¢)

(t~71‘>\/g]_

* It may, of course, happen that 4; > ;. In such case the left-wing party will certainly carry
the state, X; will be equal to 0, ~g; will be constantly equal to 1, and the voters in this state
will, in our analysis, have zero power. Similarly, if #; >r;, then the right-wing party will cer-
tainly win the state, X; will be equal to 1, g; will be constantly equal to 0, and once again the
voters here have no power.






