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A STOCHASTIC MODEL FOR THE EVOLUTION OF
PREFERENCES

J.-CL. FALMAGNE, M, REGENWETTER, AND B. GROFMAN

University of California, Irvine

ABSTRACT. This chapter presents a model describing the evolution of pref-
erences as a stochastic process. These preferences are represented by weak
orders, i.e. rankings with possible ties, on a set of alternatives, and can be
modified under the influence of ‘tokens’ of information delivered by the environ-
ment according to a stochastic mechanism. The parameters of this mechanism
can be estimated from the data and are descriptive of the environment. The
potential effect of a token is to move an alternative up or down in an agent’s
ranking. Attitude change is modeled by the stepwise transitions between the
weak orders, which takes the form of a Markov process. The model permits
exact predictions (up to a small number of parameters) of panel data in which
the judges have been required to repeatedly evaluate the alternatives at times
t1,... ,tn. An illustrative application of this model is described in a compan-
ion paper (Regenwetter, Falmagne, & Grofman, 1995). That illustration uses
NES Thermometer (Rating) data on the 1992 presidential candidates.

1. INTRODUCTION

A few quantitative models are available, in the political science and economics
literature, that deal with attitude change (e.g., Anderson, 1971; Converse, 1964,
1975; Zaller, 1992).

Some of these models are intended to apply to panel data (Converse & Markus,
1979; Markus, 1982; McPhee, Andersen, & Milholland, 1962) where the same indi-
viduals in a large sample have been questioned repeatedly, at times 1,22, .. .
On each occasion, the panel members have been asked to express their preference
concerning a fixed set of alternatives. While some of the published models have a
probabilistic component (modeling for example the measurement error), they typi-
cally do not cast such data as a manifestation of a stochastic process in the specific
sense of this term in the theory of stochastic processes (e.g., Parzen, 1962; Norman,
1972). As a result, the predictions, and the ensuing analysis of the data, are not
as complete and revealing as they could be. In particular, we cannot compute,
in terms of the parameters of these models, the joint probability of observing the
preference relations Py, Pa, ... , P, at times t1,%2,... ,tn (for any choice of n-tuples
of preference relations and times of observation).

Key words and phrases. Attitude change, public opinion, preferences, strict weak order,
Markov process.
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This paper offers a stochastic model of attitude change that is closely related
to recent work in mathematical behavioral science (Falmagne, 1996; Falmagne &
Doignon, in press). The key idea is consistent with social choice theory in that, at
any time ¢ > 0, an individual’s attitude is represented by a preference relation on
the set of alternatives. These preference relations are formalized by ‘weak orders,’
that is, rankings with possible ties. A current ranking may be altered by ‘tokens’ of
information delivered by the environment in a probabilistic fashion. The potential
effect of a token is to move an alternative up or down in the current ranking. The
axioms specifying the model ensure that detailed predictions can be obtained. In
particular, we can derive an exact expression for the asymptotic probability of any
ranking > (see Theorem 3). We can also compute the joint probability of observing
rankings > and >’ at time t and ¢+ 4, respectively, for any pair of rankings > and
' and for large ¢ (see Theorem 4). Moreover, the model lets us explicitly solve for
the degree of relative negativity/positivity in the information token environment
(see Regenwetter et al., 1995), e.g., to evaluate the extent of negative campaign-
ing by reasoning backwards from observed changes in voter preferences. Negative
campaigning has been studied by, for instance, Garramone (1985), Skaperdas and
Grofman (1995), Ansalobehere, Iyengar, Simon, and Valentino (1994). For con-
creteness, our attention will be focused on the special case of three alternatives. A
followup paper (Regenwetter et al., 1995) provides an illustrative test of the model
with National Election Study (NES) panel data on voter evaluations of political
figures, with a focus on the Bush-Clinton-Perot 1992 contest. That paper also
contains a detailed discussion of the statistical issues associated with the practical
application of the model.

Sections 1 and 2 respectively contain an informal outline of the model, and a
point by point comparison of its assumptions with other concepts and approaches.
A formal statement of the assumptions is given in Section 3 in the guise of three
Axioms. The predictions are listed and examined in Section 4. Section § discusses
some limitations of the present model and possible elaborations. Section 6 contains
a summary of the work, and some suggestions for further research.

2. OVERVIEW OF THE MODEL

We write A for the set of alternatives. By a preference relation on the set A,
we mean here a binary relation in the usual sense of set theory, i.e., a set of ordered
pairs of elements of 4. We restrict consideration to those preference relations >
which satisfy the following condition: for all ¢, j and k in A,

e not 7 =1 and
[SW] if i - j then { cither i > k or k = § (or both).

A preference relation satisfying this condition is sometimes called a strict weak
order (Roberts, 1979), and we conform to this terminology. Condition [SW] induces
a strict weak order on the set A. In fact, it is well known that if the set A is finite
or countable and the relation > satisfies [SW], then we can assign a number (%)

to each alternative 7 in such a way that
i>7 ifandonly if w(i) > u(y) (1)
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(see e.g. Krantz et al.,, 1971). Note that the scale u is only defined up to an
arbitrary strictly increasing transformation. The empty relation @ —i.e., the relation
containing no ordered pairs — is a special case of a preference relation. Indeed, [SW]
‘vacuously’ holds in that case because the case i > j never arises. In the case of a
set 4 = {1,2,3}, there are exactly 13 different strict weak orders on that set. They
are represented by their graphs (Hasse diagrams) in the 13 rectangles of Figure 3.
(Ignore the other features of that Figure for the moment. Note that the empty
strict weak order is represented by the empty rectangle in the middle of the figure.)
We only consider the case of three alternatives for the rest of this paper.

The model is organized around four basic ideas.

1. The latent strict weak orders. We suppose that the responses of an in-
dividual to some questions of a survey are governed by a latent personal strict weak
order which we call the ‘state’ of that individual. In the case of three alternatives,
there are thus 13 possible states. The empty strict weak order is referred to as the
neutral state. The set of all states will be denoted by S.

2. The naive state. We also assume that an individual is initially naive, in
the sense that, when first confronted with the set A, he or she does not prefer any
alternative to any other one. In other words, the state of a naive individual is the
neutral state.

3. The probabilistic environment. Starting from this initial state, suc-
cessive transformations may take place over time. Specifically, we assume that the
individual is immersed in a probabilistic environment delivering at certain random
times 1, g, ..., tn, .- ‘tokens’ of information regarding the alternatives. These to-
kens represent events occuring in the environment and having a positive or negative
connotation regarding particular alternatives.

4. The tokens. Examples of token generators are T.V. programs, newspaper
articles, or conversations with acquaintances convincingly extolling or criticizing
some alternative (Iyengar & Kinder, 1987; Iyengar, Peters, & Kinder, 1982). In our
model, however, the occurrence of the tokens is not regarded as part of the recorded
data. They are not necessarily observable, or controllable by the social scientist.
Nevertheless, these tokens play a crucial role in the mechanism responsible for the
evolution of the preferences and deserve close attention. In fact, we shall see that
the analysis of the data will reveal statistical aspects of the occurrence of the tokens,
thereby providing useful indications regarding the information flow.

As indicated above, a token can be positive or negative. Moreover, t0 each of
these two types of tokens corresponds its opposite token. We shall indulge in some
idealization and gather all the positive tokens pertaining to alternative i into one
class, which will be denoted by [i]. For convenience, we shall refer to that class as
‘token [i].” A similar idealization will apply to all token types. Table 1 summarizes
this notation.

The potential effect of a positive token [i] is to modify the current state so
as to move alternative i to the top position of the strict weak order, that is, the
position in which ¢ dominates the two other alternatives. There are three such
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Types of Tokens Representing Symbol
alternative 4 is good [3]
i is not (necessarily) good [9]
1 is bad [/—l]
i is not (necessarily) bad (-]

TABLE 1. The four types of tokens and their notation.

= e —

Lkl [i]

FIGURE 1. Effects of the tokens on the various states.

states, namely!:
[i>=4i>k], [i>k>j], and [i > j > k). (2)
(Note the convenient abuse of notation committed in Equation 2: since each of the
three formulas specifies a different strict weak order, different symbols - e.g., >,
>' and »" - should have been used. Our convention simplifies the writing and
will be used whenever the context makes clear what is intended.) For example, an
individualin state [i > k,j > k] (that s, preferring both 4 and j to k) and perceiving
token [i] would end up in state [i = j - k]. This transition is represented by the
upward arrow in the upper right corner of Figure 1. (The generic graph of Figure 1
illustrates all the possible transitions and will be useful for the rest of this Section.)
The opposite of token [i] is denoted by [i]. Asindicated, the occurrence of such
a token will modify the current state by removing alternative 7 from its top position

1 The notation should be self explanatory. For example, [{ & 7,4 = k] means that i is prefered
to both j and k, which are indifferent to each other, and [i > k - 5] has the same meaning, with
moreover k prefered to j.
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(if it occupies it). Two instances of such a transition are represented in Figure 1.
The downward arrow in the upper right corner represents the transition which is
the opposite of the one we just described. The downward arrow in the lower left
corner represents the transition from the state [i > j,i > k] to the neutral state.
Note that the opposite tokens, when they are effective, always transform a state
into one nearer the neutral state. Note also that a token is not always effective.
The states are endowed with some rigidity, in the sense that transformations only
take place between adjacent states. For example, the occurrence of token [i] has no
effect on state [j > 4,k > 4] because each of the states having 4 in its top position
(the three states in Equation 2) is far removed from [j > 4,k > i]. The intuition
underlying the assumption of partial rigidity of the states is that extensive changes
in preferences cannot be triggered by a single token of information. (For example,
a piece of negative information concerning an alternative at the top of someone’s
ranking is likely to be discarded.) This relation of ‘adjacency’ of the states could
be formalized, but we shall refrain from doing so here. In any event, its meaning is
made clear by the graph of Figure 1 in the case of three alternatives.

The effect of a token ¢ on a state > will be captured by an operation o which
is defined by the graph of Figure 1. Thus, the operation o maps the pair (>,(¢) to
some strict weak order ='=3o (. For example:

R+3=1o[-1] = [2>3,2>1]
p>3>uoiﬁ = [2»3%>1]
Bo[-3] = [2>3,13].

One rationale for the transformations illustrated by Figure 1 is to imagine that
the alternatives are implicitly evaluated by the respondents on a 3-point scale having
-1, 0 and +1 as possible values, with 0 serving as a reference point. Equivalent
alternatives are always rated 0. (This means that at most one alternative can be
rated 1, or -1.) The value 1 corresponds to the top position of the state, when
only one alternative occupies that position (cf. alternative i in the last two cases of
Equation 2). A value -1 corresponds to the bottom position, with the same proviso.
The value 0 given to some alternative j corresponds to the remaining three pairs
of cases, namely:

[i & j = k], [k = j > 1],
[7 = ki > K], [k 1,5 > 1],
[i = 7,1 > K], [k > 7,k > i].

The 0 position on the 3-point scale will sometimes be referred to as the middle
position (even though j may be a maximal or a minimal element in the state, as in
the last four examples above). It is easy to check that exactly 13 strict weak orders
can be generated by these rules, via Equation 1. The effect of a positive token
[i] or a negative token [—i] is to add or substract 1 to (from) the current value of
alternative i if that value is currently 0. The corresponding opposite tokens [—1]
and [;] have the reverse effect and set the current value of an alternative to 0 when
it has been —1 or 1, respectively.
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We shall exercise these concepts with an illustrative hypothetical sequence of
tokens gradually transforming the states, starting from the neutral state. These
transformations are represented in Figure 2. The time axis is in the first column,
the horizontal bars marking the occurrence of the tokens, with time flowing from
the top to the bottom of the figure. The tokens themselves are indicated in the
second column. The current state is pictured in the third column by its Hasse
diagram. At time 0, the agent is in the neutral state, and remains in that state
until the occurrence of token [1] at time ;. This results in transforming the neutral
state () into state

[1>2,18=00[1].

Next comes the negative token [—2] at time t5. Its effect is to move alternative 2
to the bottom of the state, resulting in the state

[1>8>2=[1»2,1>30[-2]

Token ﬁ] occurs at time ¢3, displacing alternative [1] from its top position, and
moving the state closer to the neutral state. Note that token [2], occuring at time
t4, has no effect on the current state [1 > 2,3 > 2]. The reason is that changing
that state into a state having alternative 2 in the top position would be a major
transformation, which cannot Erealized by a single token. We leave to the reader

to ponder the effect of token [—2] occuring at time Z5.

At first blush, the opposite tokens may appear superfluous. Intuitively, it may
perhaps seem that their role could be reassigned - via some appropriate modification
of the rules of the model — to the positive and negative tokens. They were introduced
to give the model some flexibility in capturing important effects. For example, a
prevalence of opposite tokens in the environment would induce a high probability
of the neutral state, in other words, a high proportion of uncommitted individuals.
In particular, in a political context, a high proportion of opposite tokens of the
types [i] or [—i] could yield a large number of uncommitted voters.

Finally, we suppose that the delivery of the tokens by the medium during
the period of reference is, at least to a first approximation, a stable process in
the sense that the probabilities of occurrence of the various tokens in any interval
of time [t, ¢+ 8], t > 0, § > 0, do not vary with ¢. (This idea will be specified in
Section 3.) Animportant consequence of the Axioms is that the temporal succession
of the states is a homogeneous random walk on the family of all states, with the
probabilities of the transition between the states being governed by the probabilities
of the tokens. A graph of this random walk is displayed in Figure 3.

To simplify the graph, only the centrifugal transitions - i.e., away from the
neutral state — are indicated. The centripetal transitions can be obtained by re-
versing the arrows and capping each of the symbols representing tokens by a
sign. (The symbols §; and 7; refer to the transition probabilities between the states
and should be ignored for the moment. They will be explained in Section 3.) One
useful feature of this random walk is that asymptotic results can be obtained (see
Section 3). In particular, it can be shown that the asymptotic probabilities of the







