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Abstract

Finite first-order gambles are axiomatized. The representation combines features of prospect and rank-
dependent theories. What is novel are distinctions between gains and losses and the inclusion of a binary
operation of joint receipt. In addition to many of the usual structural and rationality axioms, joint receipt forms
an ordered concatenation structure with special features for gains and losses. Pfanzagl’s (1959) consistency
principle is assumed for gains and losses separately. The nonrational assumption is that a gamble of gains
and losses is indifferent to the joint receipt of its gains pitted against the status quo and of its losses against
the status quo.

This article extends four previous papers (Luce, 1988, in press (a); Luce and Narens,
1985; Kahneman and Tversky, 1979) that have developed partial, more-or-less descriptive
theories for choices among uncertain alternatives or, briefly, gambles. When the proba-
bilities of the events are known, we speak of risk and will explicitly modify the word
gamble.

For binary gambles with known probabilities and for trinary ones in which one conse-
quence is no change from the status quo, Kahneman and Tversky (1979) developed a
weighted average theory in which the weights depended both on the rank order of the
consequences and on their relation to no change. Aside from Edward’s (1962) discussion
of the importance of the status quo and the fact that nonadditive weights may entail
ratio-scale representations, theirs is the first well-developed ratio-scale theory of utility
of which we are aware.! They called it prospect theory. Subsequently, Fishburn (1982,
1988) has worked out nontransitive ratio theories.

Reprints may be obtained from either author. Luce’s work was supported, in part, by the National Science
Foundation grant IRI-8996149 to the University of California, Irvine. We thank an anonymous referee and the
editor for helpful suggestions, and Paul Slovic for bringing to our attention his 1968 paper with S. Lichtenstein.
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For binary gambles and indefinite iterations of them, Luce and Narens (1985) axiom-
atized a pure rank-dependent* (RD) theory without any assumption that event probabil-
ities are known. Luce (1988) extended this to a rank-dependent theory for arbitrary
gambles with finitely many distinct consequences and discussed its relation to earlier
rank-dependent theories. For the most part, the earlier theories were less general be-
cause they considered only choices between money gambles with known probability
distributions, i.e., between random variables. More importantly, treating gambles as
random variables systematically ignores the structures within multistage gambles. This is
fine for applications to one-stage gambles, so long as it is recognized that when one
assumes that decision problems in extensive form can be replaced by their equivalent
normal form, then it becomes very difficult to avoid subjective expected utility (SEU)
except by introducing violations of monotonicity (sometimes called cancellation). But, as
pointed out in Luce (in press (a), in press (b)), existing data give very little reason to
reject monotonicity in the consequences, be these either elementary ones or imbedded
gambles. Far more suspect is the assumption of indifference between a multi-stage gam-
ble and its formally equivalent single-stage reduction, which is sometimes called reduc-
tion of compound lotteries or an accounting equivalence.

One must be careful not to misinterpret these remarks. They point out that an as-
sumption of the accounting equivalences goes a long way toward forcing SEU, and so to
the extent that SEU is wrong, as shown by the Allais paradox, the accounting equiva-
lences may well be implicated as wrong rather than the monotonicity of the conse-
quences. It does not follow, one way or the other, from evidence against SEU that is
based entirely on single-stage gambles that monotonicity of the consequences is
necessarily implicated as the source of the problem. That issue is testable, and the
data to date favor monotonicity of the consequences. The difficulties with SEU ap-
pear to lie elsewhere.

The last paper of the above-mentioned quartet (Luce, in press (a)) examined and
axiomatized a binary rank- and sign-dependent (RSD) theory in which the weights depend
on both the relation of the consequence to no change in the status quo (sign) and to the
other consequence (rank). It was shown that this ratio-scale theory is a natural general-
ization of three more special theories: the binary rank-dependent, the binary sign-
dependent, and the binary prospect theory.

The most unusual feature of the last axiomatization was its use of an operation @® in
addition to the usual mixing operations Og. The symbol aOgb means that the conse-
quence is  if event E occurs and b otherwise, where a and b may be pure consequences,
such as sums of money, or other gambles. The symbol a @ b is interpreted as meaning
that both consequences, @ and b, are received. One basic assumption of that theory is that
utility is additive over @, i.e., U(a @ b) = U(a) + U(b). Under reasonable assumptions
about money outcomes, this was shown to imply that U is a pair of power functions of
money, with different constants for consequences above and below the status quo.
This reduces to proportionality in monetary amount if, for sums of money x and y,
x @y = x + y. The major significance in having @ is that it provides a formal way to
describe the sort of editing of gambles that was discussed but not formalized in
prospect theory.
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The first aim of the present article is to axiomatize the joint receipt operation so as to
have the following order-preserving numerical representation U (theorem 2): Let e de-
note the status quo and let g and 4 be any two gambles. Then

(+)U(g) + B(+)U (h) + C(+\U@U(),  ifg = eh = e,
_ JA(H)U (g) + B(—)U(h), ifg=ezh,
U ®m = {40 \uig) + B(+)U (h) thze=g
(=)U(g) + B(~)U(h) + C(=)U @U),  ife = g e = hs
Ule) = 0.

An interesting reason underlies this generalization of pure additivity. Theorem 1 estab-
lishes that the nonadditive form on either side of the status quo is pretty much dictated
by a weighted-average representation for gambles and a rational-consistency axiom of
Pfanzagl (1959) for @®. The additive form for the joint receipt of gains and losses is to a
large extent dictated by the monotonicity of @.

One result of this more general form is that if C = 0, then the utility of money is an
exponential of a power function of money (see equation (5)). Such functions are unusual
in that an initially diminishing marginal utility gives way ultimately to an increasing one.

Second, we take further advantage of the fact that having @ provides a simple way to
describe formally an editing process designed to simplify gambles. Such editing was
discussed informally by Kahneman and Tversky (1979). Specifically, we assume that a
gamble involving only gains is judged indifferent to the joint receipt of the smallest gain
and of the gamble that results from “subtracting” that consequence from each of the
gains. A similar assumption is made for gambles involving only losses. The axiom (R3)
underlying this editing is a slightly weakened version of Pfanzagl’s (1959) consistency
principle, and it appears to be an additional form of rationality beyond the usual ones for
gambles. This subtraction procedure is used inductively, and it results in a RD represen-
tation for the domain of gains and a distinct RD one for the domain of losses. In sharp
contrast to the RD theory proposed earlier, this theory makes quite transparent why
rank dependence arises naturally as a result of editing gambles for which only gains or
only losses can occur.

Third, the case of mixed gains and losses obviously must be addressed. The assump-
tion made, which is the single nonrational one in the theory, is that the decision maker
decomposes such a gamble into a joint receipt of two closely related gambles that,
together, are treated as indifferent to the given one. The one involves just the gains with
the losses replaced by the status quo; the other, just the losses with the gains replaced by
the status quo. The axiom (D1) embodies the maxim: evaluate the possible gains, evalu-
ate the possible losses, and then base your decision on how those two balance out.
Although such advice clearly is not rational, to many it seems plausible, and some data
support its descriptive accuracy (Slovic and Lichtenstein, 1968).

In brief summary, a representation of the following character is axiomatized. Let a
first-order gamble, g, be a mapping from a finite partition of an event E into a set of
consequences. Number the events of the partition from best to worst according to the
preference ranking of the associated consequences. Let E( + ) denote the union of events
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whose consequences are gains (i.e., positive relative to the status quo), and let E(—) be
the union of events whose consequences are losses (i.c., negative relative to the status
quo). The representation is that there exists a ratio scale U over uncertain alternatives
and pure consequences and unique weights over events of the form S{E() | E],i = +,
—, where + is used for gains and — for losses, such that U(g) consists of two rank-
dependent utility expressions over the events E(i) that are weighted by SE(i) | E].

This theory treats gambles with both gains and losses in a manner similar to, but more
general than, prospect theory, whereas alternatives that have consequences of only one
sign act in a purely rank-dependent fashion, similar to, but more general than, Luce’s
(1988) earlier theory. The result is a significant generalization of prospect theory in that
this theory applies to gambles based on uncertain events, not just to the case of risk, and
to any finite, first-order gamble, not just to those with a single gain and a single loss.

Four types of axioms are to be distinguished: structural, rational in the traditional
sense of gambles (especially transitivity and monotonicity of consequences, but not
events), rational in a sense that is appropriate to joint receipt (including monotonicity
and a limited form of consistency), and a decomposition axiom that conceivably may be
descriptive and may seem plausible, but certainly is not rational. Because the consistency
and decomposition conditions involving joint receipt are both crucial to the represen-
tation derived and relatively little studied empirically, they should become the focus
of empirical attention.

1. Notation

It is essential to have a notation that allows us to keep track of what we mean by certain
derived gambles. We begin with two structures: & is an algebra of events, and €is a set of
pure consequences, such as money or consumer items, but not gambles. Within 6, there
is a special null consequence e that represents no change from the status quo.

For any finite partition® {E} of E € 6, a function from {E;} into 6 is called a first-order
(finite) gamble. Denote the family of all first-order, finite gambles by g;. Any function
from a finite partition into g; U ‘6 with at least one value in g; is called a second-order
(finite) gamble. Let ¢ consist of all the first-order gambles together with ‘€ and at least all
of the second-order gambles characterized by the axioms (in particular, axiom S2).

= is a binary relation on g that is interpreted as a preference relation over gambles.
The converse of = is denoted by <. We define ~ and > in the usual ways: g ~ & iff both
gz handg s h;g > hiffg = handnot (g < h).

@ is a binary operation on g, which is interpreted as joint receipt.

So the entire structure is P = (&, 6, ¢, 9, =, @). The task is to axiomatize it in such a
way that it leads to a plausible descriptive theory of utility. That task is divided into two
distinct subtasks. The first is to axiomatize the representation of @ without any real
regard to the internal structure of the gambles. That done, we axiomatize the gambles,
taking advantage of our knowledge about the representation of .
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2. Axiomatization of joint receipt

2.1. Proposed representation

The axiomatization of (g, =, @) to be described is aimed at justifying the following real
representation U : Vg, i € g,

g = hiftU(g) = U(h), (1a)
AU (@) + B(H)UM) + C(HU@UKE), ifg=ehze,
_A(H)UE) + B(=)Uh), ifg = ¢ = h,
Ug®h) = A(—)Ufgg) + B(+)U(h), theeog

A(—)U(g) + B(—)Uh) + C(—)U(g)Uth), ife=ge= h;(lb)

Ue) =0, (10)

where the weights 4 and B are positive, C(+) = 0, and C(—) < 0.

The form given for the positive and negative quadrants is formally similar to a multi-
linear form from multiattribute utility theory that uses A(j) = B(j) = 1 (Keeney and
Raiffa, 1976, p. 250). Theorem 1 below gives a moderately compelling reason for looking
at representations having the slightly more general character of equation (1b). It is rather
less clear what to assume for the mixed cases, and the form chosen strikes us as a
reasonable compromise between the simplest additive form, i.e., U(g) + U(k), and more
complex possibilities. Among its features is that U is continuous at e and monotonic
throughout, and the form leads to a natural generalization of prospect theory. It is not
difficult to show that were one to try to introduce a product term CU(g)U(h) in the mixed
case, monotonicity forces C = 0.

The constants C(¢) have the dimension 1/U, and for that reason the representation is a
ratio scale. Unlike many conventional measurement structures, the admissible ratio-
scale transformations of multiplication by positive constants do not correspond to auto-
morphisms of the structure.

2.2. Motivation for the representation

Our first result, which is concerned only with binary gambles, presupposes (which is
formulated as axiom J1 later) that the structure involved has a real representation U with
U(e) = 0. The main purpose of the result is to show that with a certain degree of
rationality holding in either the domain of gains or losses, the form of the utility function
over @ given in equation (1b) is very close to there being a rank-dependent representa-
tion for binary gambles. Moreover, these two properties for the utility function imply a
major postulate of rationality.
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In an abuse of notation, we continue to write (P for the numerical operation corre-
sponding to the qualitative one. The binary gambles are written in operator notion. In
stating the result, we assume that @ is accumulative in the sense that if min {x, y}= 0,
thenx @y = max {x,y} and if max {x, y} < 0, thenx @y < min {x, y}.

A binary gamble based on the universal event of & is denoted in operator fashion: x Qg y,
meaning that the consequence is x if £ occurs and y otherwise.

Theorem 1. Suppose & is a family of events and (Re' U {0}, =, ®, Rg)ges.j = +, —,
is such that

1. @ and X are closed, strictly increasing, binary operations; & is accumulative; and
0P0=0;

2. U'is a strictly increasing map from Re onto Re with U(0) = 0 such that two of (i), (ii),
and (iii) obtain:

(i) (a) Vx,y € Re,3A4(j), B() € Re* and AC(j) € Ré with C(j) having the dimen-
sion of 1/Uj such that

Ux®y) = AGUE) + BOUY) + COHU 0)UE); 2

(b) 0is a generalized zero in the sense that both U(x & £ 0) and U(0 &) g x)
are proportional to U(x), and the constants of proportionality as a function
of E span (0, 1).

(ii) (a) (Vx,y € Ré,VE € 6:IS(E) € (0,1),i = >, <)

_SSHE)U®) + [1 — SSIE)UE), ifx =
UE@EN) = {s BN + 1 — SABNCN s < 3)

(b) the S span (0, 1).
(iii) (Distribution) (Vx,y € Ré),

(®E0) Dy = xDy) ®e (0Dy) and
YO OR®Eex) = ¢ D0) Xk (¢ D).

Then the third one obtains.

Corollary. In case either 4 # 1 or B # 1in (i)(a), then (i)(b) can be replaced by the
weaker assumption that the values of the functions relating U(x ®g 0) and U(0 Qg x)
to U(x) span (0, 1) at U(x) = 1.

Proofs of theorem 1 and all ensuing results will be found in the appendix.
The major rationality postulates of theorem 1 are the monotonicity of assumption (1)
and the distribution property (iii). The latter says that the joint receipt of a gamble and a
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fixed sumy is viewed as indifferent to a gamble in which each outcome is the joint receipt
of the original outcome jointly with y. The significance of this theorem is that in the
presence of such rationality, rank dependence and the form of equation (1b) in the
domains of gains and losses are substantially equivalent. As noted earlier, this leaves
open the mixed case, which was dictated by less formal considerations.

2.3.  Axioms giving rise to the representation
The following seven axioms are sufficient for the representation of equation (1).

Axiom J1. (g, =) is order-dense, Dedekind complete,* and hasg > e > h for some
& he g

Axiom J2. @ is closed, e @ e ~ ¢, and is monotonic in the sense that Vg, #,k € g,

(i) ifg ~ h,theng @k ~h @D kandk D g ~ kD h, and
(ii) ifg > h,theng @k >hDkandkDg > kD h.

Axiom J3. For any three of the four terms in any one of

EPRh~kDLEDhDk~Landk D (gDh) ~ |,
the fourth terms exists so that ~ holds.

Although neither axiom J1 nor the solution-of-equations axiom J3 is necessary for
the representation, axiom J2 is easily seen to be. Necessity for (ii) uses the positivity of
the 4 and B weights. Note also that axiom J1 presumes the necessary condition that = is
a weak order, i.e., transitive and complete. Transitivity combines with the monotonicity
conditions (i) and (ii) of axiom J2 to giveg @ k > h @ I wheneverg = h,k = [ and at
least one = is strict.

For the remaining axioms, g is partitioned into its nonnegative and nonpositive parts:

gt ={glg=zetandy” =k |k se}

Axiom J4. The substructures (37 X ¢, =)and{g~ x ¢*, =), in which (g, &) is
defined as g @ A, are both additive conjoint structures.

Axiom J5.Yf,g,h € ¢1,V,j,k, 1 € ¢,

() iff@e~gDj,eDf~kDg,andh@De ~fDj,thene ®h ~ kDf, and
(i) fj e ~kDf,ePj~g@k,andl Pe ~jDf, thene@! ~ gDj.

Axiom J6.Vg, h € gt,Vk,| € g™, any two of the following implies the third:

EPe~e@PDhePDk~IDe,gPk~1Dh
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Axiom J7.Vg, h,i,j,k € g,V m,n,p,q € 9~,

() ifh@Pe~gPLjPe~iDland(hDk)De ~ (gDk) D m,then
(Dk)De~ Dk DOm;

(i) fm@Pe~IDgpDe~n@gand(mPq) De ~ (D q) Dh, then
PDPDe~nDg) DA

The two expressions obtained by commuting every @ term in (i) and (ii) also hold.

Axioms J4-J7 are necessary for the representation, as is easily verified with substitu-
tions from equation (1). Axiom J4 obviously lies behind the middle two lines of equation
(1b), but, as shown in our sufficiency proof, the tradeofI conditions of axioms J5-J7 are
also needed there. These axioms are far from transparent, but we have not been able to
simplify them in the absence of commutativity (¢ @ A = & @ g) and the true zero
conditiong P e = e @ g = g. If the latter two conditions are assumed, then axioms J5-J7
can be replaced by the simpler

Axiom J7'.Vf, g, h € g,V kI € ¢,

(i) ffDj,gDj Eg" and (D)) Dh ~ FDh) D1,
then D)) Dh ~ EDh) DL

(i) fj LEDfE9 and (BH DI~ (D) Dh,
then(k@f) DI~ (kD) Dh.

The effect of these changes on the representation is to force each A and B constant to
equal 1.

Theorem 2. If {3, =, @, e) satisfies axioms J1-J7, then it has the representation U of
the form of equation (1) with U onto Re.

Corollary. Under the hypotheses of theorem 2,

i) A¢) > 0,B() > 0,j = +, —;C(+) =2 0,C(—) = 0;
(ii) A() = B() iff @ is commutative;
(iii) eisazeroof ® (Vg € g,e Dg ~ gDe ~ g) iff A() = B(j) = 1, in which case @
is commutative everywhere and associative within each of g™ and g~

For the specialization A(f) = B(j) = 1 of the representation of equation (1b), @® is
commutative but not associative. Yet within each of the four quadrants, @ is purely
extensive (additive) in character, since it is easy to see that in the positive and negative
domains, the transformation V(g) = log[1 + C()U(g)] satisfies V(g D h) = V(g) + V(h)
(see the proof of theorem 3), and it has been assumed to be additive in the mixed
positive-negative quadrants. Two different functions are needed to produce additivity in
the same-sign and opposite-sign quadrants.
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2.4. Utility for money

It is interesting to arrive at the form of U for money. We do so under two additional
assumptions: that money has a unit structure representation,’ i.e.,

Vx,y € Re,x Dy = yFi(xly),i = +, —,
and that in the utility representation of equation (1b), A(j) = B(j) = 1.

Theorem 3. Assume the conditions of theorem 2. If the underlying operation over the
positive and over the negative real numbers both form unit structures, e is a zero of
@, and @ is commutative, then the function U of equation (1) is of the following
form: there exist positive constants k(j) and B(j),j = +, —, such that forx € Re:
IfC{ =0

Fe(+)aB(+), ifx > 0,
Ulx) = {_(k()f NP, ifx <0 (4)
It C(j) = 0,
U o = J@PIR(+ R = 1/C(+), itx > 0,
® = \ewplk(-)(~9FON = 1/C(-),  ifx < 0. 5)

Thus, the theory admits several qualitatively quite different utility functions for money.
With C = 0, the possibilities are an increasing slope (B > 1), a constant slope (8 = 1), or
a decreasing slope (B < 1). With C = 0, the two possibilities are either an increasing
slope (B = 1) or aslope that first decreases and then increases (B < 1). The switch-over
in the latter case occurs when x = [(1 — B)/kB]YP. It is generally felt that increasing
slopes do not accord with data. However, a person of the latter type is different in that
s/he acts “normally” for modest sums but becomes insatiable for very large sums. This
behavior seems to describe at least some very successful financial types. Whether it in
fact holds for the rest of us remains untested and in most cases untestable.

We do not have any results about the form of U in the general case of theorem 2.

3. Axioms for choices between gambles

3.1. Structural axioms

In addition to axioms J1 and J3, which are structural, two more structural assumptions
are used to ensure that the domain of consequences and gambles is sufficiently rich. The
first of these requires the space of consequences itself to be very rich, in some sense as
rich as the space of gambles. Certainly, this is not unreasonable if the set of consequences
includes money.
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Axiom S1, For each g€ ¢ there exists a c € € such thatc ~ g.

To formulate our last structural axiom as well as a later rationality axiom, we need
some additional notation. Suppose g is a first-order gamble based on the partition {E}} of
an event E. Define the following three sets of events:

E(+) = {VE; | g(E)) > e},
E(0) = {VE; | g(E) ~ el
E(-) ={VE; | g(E)) < e}.

With these as domains, define gambles g fori = +,0, —:

N — g(E}'), iij c E(l)
g(E) not defined otherwise. 6)

Now define the second-order gamble g, on the partition {E( +), E(0), E(—)} of E:

g2[E(l)] =gj’i = +’O’ .

We refer to g5 as a sign-partitioned gamble, since it partitions g into its positive, null, and
negative components.

Axiom S2. If g is a first-order gamble on the event £ and g is its second-order,
sign-partitioned equivalent that is based on the partition {E(+ ), E(0), E(—)}, then

82€g

3.2. Rationality axioms

Previous discussions of the data (Luce, in press (a), in press (b) ) plus well-known nor-
mative considerations suggest that we retain the assumptions of both the transitivity of
preferences and monotonicity of consequences for at least the binary gambles as being
probably descriptive as well as rational.

The monotonicity axiom, which simply says that binary gambles, as mathematical
functions into the space of consequences, are strictly monotonic increasing, is potentially
controversial. As was pointed out in Luce (in press (a), in press (b) ), so long as one does
not automatically assume that indifference holds between a higher-order (or extensive)
gamble and its corresponding, formally equivalent, first-order (normal) form, then there
is no known descriptive problem in assuming monotonicity. When confronted with
monotonicity that is presented in a transparent, structured gamble, such as explicitly
replacing one consequence by a more preferred one, most people abide by it; only by
combining monotonicity with a reduction to first-order form, as in the Allais paradox, does
trouble arise. Since we do not assume all such reductions, those data seem largely irrelevant,
and what data there are seem to support monotonicity (Kahneman and Tversky, 1979;
Keller, 1985).
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Axiom R1. As a function from an event partition into ¢, a binary gamble is strictly
increasing in each argument. In particular, if g and 4 are two gambles on the same
partition {E1, E} that agree on one subevent but not on the other, say Fy, then

g(Ey) = h(Ey) ifig = h.

Observe that any first-order gamble g is formally identical, in the sense that each
consequence arises under exactly the same conditions, to the sign-partitioned second-
order gamble g, that was defined just prior to axiom S2. For suppose ¢ is some conse-
quence that arises in g, and suppose it arises when the subevent E; occurs, i.e., g(E;) = c.
If ¢ > e, then E; C E(+), and so by the definition of g; it also arises if and only if E;
occurs. The argument is similar in the other two cases. So our next axiom is an accounting
equivalence that asserts that the decision maker is indifferent between these two, for-
mally equivalent formulations. This rational axiom seems to be moderately transparent,
and such partitionings tend to arise quite spontaneously when subjects confront mixed
gambles. Clearly it needs to be studied empirically in detail.

Axiom R2. Ifg is a first-order gamble on the event E and g3 is its formally equivalent,
second-order, sign-partitioned version, then

8~ &2
Our next assumption is a form of distribution relating gambles to the operation @;

the assumption is essentially the consistency axiom of Pfanzagl (1959) applied to two of
the four quadrants.

Axiom R3. Suppose that g is a first-order gamble on the partition {E} with only
positive (negative) or null consequences and that c € € is a positive (negative) con-
sequence. Define the gambles g. and g on {Ej} by

g(E)) = g(E;) ® c and g(E)) = ¢ D g(E)).
Then
gPc~gandc@Dg ~ &

Observe that axiom R3 is a generalization of the distribution property of theorem 1.

3.3. Decomposition axiom

Our final task is to explore what may happen to preferences over gambles with mixed
consequences. The basic hypothesis is that second-order, sign-partitioned gambles of the
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sort discussed prior to axiom S2 can be decomposed into simpler second-order gambles
using the operation @ of joint receipt. These simpler gambles are also sign partitioned,
but they involve a partition into only two rather than three subevents. For such binary
gambles, it is convenient to use the operator notation of theorem 1.

Axiom D1. If g, is a signed-partitioned gamble of the form described prior to axiom
S2, then for independent realizations of E (+) and E ()

82~ " QE+)e) D g™ Qp(-)e)-

This postulate says that a sign-partitioned gamble is decomposed by the decision maker
into the joint receipt of two sign-partitioned gambles, one of which involves only the
positive part pitted against no change in the status quo and the other only the negative
part pitted against no change. In form, it is much like a rational accounting equivalence,
except that no one would hold that it is really rational, since the possibilities on the left
are only single consequences whereas various combinations of them are possible on the
right. Axiom D1 is a key assumption of the theory, one that deserves careful empirical
examination. Basically it says that the major point of nonrationality on the part of deci-
sion makers concerns gambles with mixed positive and negative consequences.

For the binary case, the empirical literature refers to the right side of the expression in
axiom D1 as a duplex gamble; see, for example, Slovic (1967). He spoke of the right side
as being “. . . as faithful an abstraction of real life decision situations . . . ” as is the more
conventional left side, but he did not make clear whether or not he believed that people
treat them as equivalent, as we are assuming. Subsequently, Slovic and Lichtenstein
(1968) carried out an empirical study of the binary version of axiom D1. In their experi-
ment I, each of 19 subjects evaluated each standard gamble g, twice and each duplex
gamble once by reporting minimum selling prices. Taking the variability in the replica-
tions as a measure of the “noise level,” they found that . .. for a good majority of the
[subjects], the differences between parallel duplex and standard bets were no larger than
the differences between replications of the same standard bets . . ..” This study needs
replication using either choice indifference points or direct comparisons between the
gamble and the joint-receipt pair. Moreover, a new study should include gambles with
more than one gain and one loss.

4. Representations

4.1. Preliminary results

The main result to be demonstrated is that this mixture of rational and plausible assump-
tions leads to a fairly simple rank- and sign-dependent representation of utility. To some
degree it is a substantial generalization of previous work. At the same time, it is distinc-
tive in that the representation makes highly explicit the source of rank dependence,
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which has not really been true of previous rank-dependent theories. Toward that end, we
first prove the following.

Theorem 4. Suppose axioms J1-J7, S1, and R1 hold.

(i) Vb, c € €withd > ¢ = e, there exist ¢’, ¢”, d’, d" € ¢7 N € such thatc ~
e®Pc ~ Peandb ~d @ ~ " PDd . Wevwritec D¢’ ~e ~ ¢
" bAc ~d,andbO" " ~ d". A similar statement holds forb < ¢ < e.

(i) Suppose axiom R3 also holds, that g is a first-order gamble on the partition {E;}
with only positive consequences, and ¢ € € is the minimum consequence of g.
Define ¢’ and ¢” as in (i), and define first-order gambles g’ and g” by

g'(Ey) = g(E) ©c' and g'(E) = g(E) ©' ¢".
Then
§Dc' ~g~c"Dg.

A similar statement holds for any first-order gamble with only negative consequences,
using the maximum of these negative consequences rather than the minimum.

The second assertion of the theorem simply says that any first-order gamble all of whose
consequences have the same sign may be edited as follows. For the consequence that is
nearest in preference to no change in the status quo, one finds what must be “subtracted”
from it to be equivalent to the status quo, and then “subtracts” that amount from each of
the other consequences; then that common amount is jointly received along with the
modified gamble. In the noncommutative case, there are two ways that this can be done.
In the simplest case, when e is a zero,® in the sense that for alla,a ®e ~ e ®a ~ a, then
b ~ b’ ~ ¢, and so there is only one form of subtraction.

Such isolation of a common factor is certainly a plausible reframing of a gamble, one
that was used by Kahneman and Tversky (1979), and to some degree it seems highly
rational. After all, if E; occurs, one receives g(E;) under g and [g(E;) © ¢] @ ¢ ~ g(Ej) in
the edited case.

It is unclear how one should carry out such editing for a gamble with both gains and
losses. What should be taken as the common factor to be subtracted? Because of this
ambiguity, the axiom was not stated for that case. Instead, we have the decomposition
axiom D1 that separates a mixed gamble into the joint receipt of two not-mixed ones.

4.2. The main theorem

Theorem 5. Suppose P = (&, 6, e, g, =, @) satisfies axioms J1-J7, S1-S2, R1-R3, and
D1. Let U be the order-preserving function from g onto the reals given by theorem 2.
If the binary gambles have unit representations in terms of U, then for each E € 6,
there exist functions (- | E),i = +, —, from g into [0, 1] such that forg, & € ¢:
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(i) ifgis a first-order gamble on event E and g is defined as in equation (6), then
Ug) = A(+)UE™)STE(+) | E] + B(-)UET)SIE(-) | E}; ™
(ii) if g is a first-order gamble on event E all of whose consequences are of sign i,
wherei = +, —, E; is the event to which is associated the outcome nearest to e,

g' and g” are defined as in theorem 4/ii, and g" and ¢" are the nonnull parts
defined over E — Ej, then

Ug) = A(YUE)S(E — Ex | E) + UIg(E)] +

[COBMIU GISE — Ex | E)UIG(E) (82)
= Ulg(E] + BOUES(E — E¢ | E) +
[COHUADIUERMSHE — Ex | EYUI(ER)- (8b)

The function U is unique up to a similarity transformation, and the § are unique.
Axioms R1-R3 and D1 are consequences of this representation.

It is easy to verify from equations (8a) and (8b) that

AOUE" = BHUE".

As stated, this theorem may not appear to yield a representation for each first-order
gamble, but in fact one is implied, as stated in the corollary below for the special case of
@ being additive, i.e., in its Urepresentation A(i) = B(i) = 1and C({) = 0.(We omit the
cumbersome expression for the general case.) The idea is simple enough. One uses part
(i) to partition the problem into positive and negative components, and then one uses
part (ii) recursively to simplify each of the two halves. It is clear from this recursion why
the rank dependence arises. One removes the consequences sequentially, beginning with
the ones nearest in preference to ¢, and works toward the extremes. The weights that are
generated depend upon this order in an obvious way. To state the result reasonably
compactly entails some notation. Let g be a first-order gamble defined on the partition
{Et o sEm—1,Em Em+1s .- » En}, where the labeling has been selected so that g(E;) >
g(Ej+1),j =1,...,n — 1,andg(Ep) = e. Define

r—1 r
G0 = st UE UEk),r=2,..,,m—1
k=1 k=1
0, ji=0
m—1
FtGim—-1) = HG+(r), j=12..m-2
r=j+1
L j=m-—-1
=0 = 57 OBl UB)r=m+1.on-1
k=r+1 k=r
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0, j=n+t1l
j-1
F~(m+1) = HG‘(r), j=m+2,...,n,
r=m+1
1, j=m+ 1

Corollary to theorem 5. Suppose in the U representation of @, A(i) = B(i) = 1 and
C(i) = 0. Let g be a first-order gamble with the events labeled as above; then

m—

U) = L; UR(E)IW*(E)|STIE(+) | E] +

[. Z Uls(EpIW = (Ep|S~IE(-) | E], 9)

j=m+1

where

WH(E) = F*(,m — 1) — F+( — 1,m ~ 1),
W(E) = F~(ym + 1) = F~( + 1,m + 1),

It is almost immediate that the sum of these weights over E(+) and E(—), respec-
tively, is 1 and each is positive.

The above representation of rank dependence is somewhat similar to those of previ-
ous theories, including Gilboa (1987), Luce (1988), Quiggin (1982), Schmeidler (1989),
Wakker (1989), and Yaari (1987), but it differs in one interesting way. The similarity lies
in the fact that the W' weights are expressed as a difference of two terms that are
identical except for the fact that one includes the event in the question and the other
does not (see p. 109 of Wakker (1989), definition V1.2.3 and equation V1.2.7, who notes
its relation to the Choquet (1953-1954) integral). What differs is that the terms F¥ exhibit
an internal structure, which is not true of the previous theories for uncertainty, but their
structure is not as some increasing function of sums of the probabilities of the events, as
is true for theories of the risky case. Rather the structure is as products of conditional
weights. As we discuss in the next section, whereas the formulation of Luce (1988) forces
the monotonicity of general gambles, the present theory does not automatically do so.
When we explore the conditions that lead to monotonicity, the present representation
becomes very similar to the one found for risk.

4.3. General monotonicity

Recall that axiom R1 invokes monotonicity only for binary gambles. One must, there-
fore, consider the conditions under which monotonicity holds in general. Luce (1988)
worked out the conditions that any rank-dependent weights must satisfy for monotonic-
ity to hold in the case of the corollary to theorem 5. They are as follows. Consider any two
permutations that differ only in the interchange of two adjacent events in the rank order.
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Then all weights for events other than these two must be pairwise equal. A similar result
for the general case of theorem 5 can be expressed in terms of properties of the weights.

Theorem 6. Assuming theorem 5 and treating gambles as functions over partitions,
the representation is strictly monotonic increasing if and only if there exist functions
§,i =+, —, from & into [0, 1] such that for all C, D € & with C C D,

S(C | D) = S(C)/S(D). (10)

Corollary. In the strictly monotonic increasing case with A(i) = B({) = 1 and C(i) =
0, the weights in the corollary to theorem 5 take the following form:

ver-{o( G- { G (U
=[] -+ S| U

=j+1 k=m+1
This form is very similar to the one usually arrived at. Specifically, if § is a strictly
increasing function from [0, 1] onto [0, 1] applied to a probability measure over the
events, it becomes identical to the one typically derived.
Observe that if §* is additive over disjoint events, then the W weights are of the follow-
ing form:

WH(E;) = S(E)STER))-

4.4. Estimation of parameters

It is obvious from the definitions that if the §’s are known, then the W’s are determined.
It is slightly less obvious that if the W’s are known, then the S’s are uniquely determined,
but an easy calculation shows that

1 — WH(Epn-1), ifj = 1,
G+ m—i = m—1 .
(m =) 1 — WH(E.—) 116w, ifj > 1.
r=m=j+1

A similar formula holds for the negative cases. As shown by Manders in Luce (1988), in
the fully monotonic case there are 2”1 — 2 independent weights for the class of
gambles based on a fixed partition into m — 1 events. The corollary to theorem 5 easily
reveals why this is so. The ST values must be given for all 27~ unions that can be
formed, save for the null set and the set being partitioned.
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Consider any two events D and £, with DCE, and a consequence of cE€withc¢ > e.
Let g be the gamble with g(D) = c and g(E — D) = e. Then by part (i) of theorem 4,

Ug) = U(©)S™(D | E).
Similarly, for ¢ < e,
U(g) = U(©)S~(D | E).

Consider, then, the set of binary gambles with just two consequences, one of which is no
change from the status quo, that are defined on partitions {D, E — D} of a fixed event E.
As has just been shown, this family must form an additive conjoint structure. In the
general monotone case, the representation simplifies to

U(g) = U)S(D)S(E),i = + ifc > eandi = — ifc <e,

which is additive on three factors. We know how to estimate the functions for that
situation - there is a well-developed theory (see Krantz et al., 1971, chapters 6 and 9;
Wakker, 1989) as well as algorithms that have been incorporated into computer pack-
ages. One early study of such gambles from a conjoint measurement perspective is Tver-
sky (1967). He concluded that either the multiplicative form fails to hold or the § param-
eters are not additive over disjoint subevents, as they would be if they were probabilities.
The latter finding is completely consistent with the representation being rank depen-
dent. Once both the utility function and the S weights have been estimated, the theory
makes numerous predictions that can be tested.

5. Conclusions

The major conclusion of this article is that it is possible to give a relatively simple axiom-
atization of a theory of preferences among uncertain alternatives that makes an explicit
distinction between gains and losses and that generalizes both prospect theory and rank-
dependent theory. The axiomatization rests critically on having, in addition to the struc-
ture of gambles, an operation of joint receipt, which allows explicit editing of gambles.
That editing process, which proceeds inductively beginning with the consequence closest
to the status quo, is the source of the rank dependence in the domains both of all gains
and of all losses. Moreover, a specific axiomatization of joint receipt yields a representa-
tion that is interestingly unusual. The major source of nonrationality in the theory—
which is bound to exist if it is not to reduce to SEU or to pure rank dependence—is the
assumption that a gamble of gains and losses is treated as the joint receipt of two gam-
bles, one being the gains pitted against no change from the status quo and the other of
the losses pitted against no change from the status quo. This property, which is implicit in
prospect theory, seems somewhat plausible, but is surely in need of empirical study.
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Appendix

Proofs
All proofs for the negative quadrant are omitted as being similar to those for the
positive quadrant.

Proof of Theorem 1. Throughout we suppress both the j (sign) superscripts and the
notation for E on &), G, and Si Moreover, the assumption that @ is accumulative implies
x @y = y, which is used implicitly in invoking equation (2).

@) + (i) = (i):
Ulx ®0) Dy] = AU(x ® 0) + BU(y) + CUx & 0)U(y)
= [4 + CUY)|[S>Uk)] + BUY)
= AS Ux) + BUGY) + CS>UEUY).
Sincex @y = yand U(0) = 0,
UG@y) ®0Dy)] =S-)Ux®y) + (1 - $-)UO0Dy)
= [AU(x) + BU(y) + CUX)UMIS> + (1 — S-)BU(y)
= AS. U(x) + BU(y) + CS-Ux)U®y).

So they are equal, and applying U~ yields the left half of (iii). The proof of the right half
is similar.

(i) + (i) = (i):’
Denote @ as a function F, apply (ii)(a) to the left side of (iii), and invoke equation (3):

Fax®0,y) = FU'[S>U(x) + (1 — $>)U(0)],y)
= U~[S-UF(,y) + (1 — $)F(0,)).

SetX = U(x),Y = U(y),and H(X, Y) = UF[U~Y(X), U ~{(Y)], and use U(0) = 0 to get
HS>X,Y) = SsH(X,Y) + (1 — §5)H(0,Y).

Rewriting,
H(S-X,Y) — H(0,Y) = S~ [H(X,Y) — H(0,Y)].

Since, by (ii)(b), S can be any number in the interval (0, 1), it is well known (Aczél,
1966) that the strictly increasing, onto solutions are

H(X, Y) = X(Y) + HQ, Y), (1)
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with o > 0. A similar argument applied to the right side of (iii) yields
H(X, Y) = BOY + H(X, 0), (12)
with g > 0. By (ii)(c),
H(0,0) = UF[U~(0), U~1(0)] = U0 @ 0) = U(0) = 0.
Substituting this into equations (11) and (12),
H(X,0) = AXand H(0,Y) = BY,
where A = o(0) > 0and B = B(0) > 0. Thus,
H(X,Y) = Xa(Y) + BY = B(X)Y + AX.
Rewriting,
(U () — AYUE) = [BUKX)) ~ BIUX).
So, either o = A and B = B, which is case (i)(a) with C = 0, or for ally
U ) — AJUQ) = C.

This substituted in equation (11) yields (i)(a) with C = 0.
(1)(b) is obvious from (ii)(a), and (i)(c) from (ii)(b).

(i) + (iii) = (i)

Supposex > y. Letvsolvey = 0@ v andu solvex = u @ v. The former exists because
Uisonto Ret andy = 0, the latter because @ is accumulative andsox >y = 0@ v =
v. Observe that, by equation (2), U(y) = BU(v) and U(x) = AU(u) + BU(y) +
CU@)U(v), and so U(n) = [U (x) — U))/[4 + (C/B)U(y)}. Using assumption (iii), the
assumption that 0 is a generalized zero, and the above substitutions,

Ux®y) = Ul ®v)® 0Dv)]
= Ulu ®0) Dv]
AU@u ® 0) + BUW) + CUu ® 0) U(v)
KU@u)[A + CU(v)] + BU(v)
= K[U(y) — U] + UQ).

o

Identifying K with S >/ yields the upper part of equation 3. The lower part is proved
similarly.
Property (ii)(b) follows from (i)(b).
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Proof of Corollary to Theorem 1. The only thing that needs to be modified is the proof that

(i) + (iii) = (ii). From assumption (iii) and 0 ® 0 = 0,
ERN®0= DO OD0) = ¢ ®0)®0.

Thus, by (i)(a) and the fact that the monotonicity of ) implies the existence of a strictly
increasing function F such that U(x @ 0) = F[U(x)],

AFUE)] = AU ®0) = Ulx @ 0) ® 0] = F[Ux @ 0)] = FIAUKX)].

Assuming 4 = 1, it is well known that the general solution to this equation is

F(Z) = kZ exp|p(log Z)],

where p is periodic with period log 4.
Supposex > y. Asin the preceding proof, letv solvey = 0 @ v andu solvex = u @v.
Writing G(Z) = kexp[p(log Z)] and substituting,

U ®y) = UEd)@0Dv)] = U ®0) D]
= AU@u ® 0) + BU(v) + CU(u & 0) U(v)
= AUu)G[U(u)] + BU(®v) +
CUm)GIUwW)]U(v)

- 62000 iy — o + v

To get the desired result, we must show that G is in fact constant. Supposing otherwise,
we establish that the function

HX,Y) = G(X - YJIA + (CB)YDX — V) + Y
is not strictly increasing in Y, which contradicts the monotonicity assumption about .

LetZ = (X — Y)/|[A + (C/B)Y], which is strictly decreasing with Y because withA > 0,
B >0,CX > 0,andso

2z _ _ A+(CBX <0
Y UA+CBYR

Solving for Y = (X — AZ)/[1 + (C/B)Z] and substituting,

 G@)ZIA+(CBX]+ X —AZ
HX.Y) = 1+ (CB)Z

Select Z = A%Zy. Then, since p is periodic with period log 4,
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G(A"Zg) = k explp(log 4°Zy)) = k explp(log Zo)] = G(Zo).
Thus, defining Y, by 4"Zy = (X — Y,)/[4 + (C/B)Y,], we have

G(Z)A"ZyA + (C/B)X] + X - A"+1Z,
1+(C/B)A"Z, '

HX)Y,) =

If A > 1, let n become large, and if 4 < 1, let n approach — . Then the preceding
expression approaches (B/C)G(Zy)[A + (C/B)X] — AB/C. Since p is periodic, if it is not
constant, then we may find Zy and Z such that Zy > Z1 and p(Zy) > p(Z,), and so G(Zy)
> G(Z,). But since Z is a decreasing function of Y, this means that for the corres-
ponding Y values, the order is inverted, which violates monotonicity.

The proof forx < y is similar.

IfA = 1and B # 1, then a similar argument using the second half of property (iii)
yields the same conclusion.<>

Proof of Theorem 2. Assume that axioms J1-J7 hold. By a standard result, axiom J1
implies that there is an F: g— Re such that

Vg.h € 9.8 2 h=F(g) = F(h), (13)

with F(e) = 0 and F(g) an interval that includes both positive and negative numbers.
Suppose for some g, F(g) = sup F(g). Take e > h by axiom J1 and conclude from axiom
J3thatg@h ~x @ e for somex € g. Then axiom J2 impliesx > g, contrary to equation
(13) and the supposed maximality of g. Hence ¢ has no maximal element and, similarly,
no minimal element. With no loss of generality we assume henceforth that F(g) = Re.

For each ¢ in the set g/~ of equivalence classes of ¢ under ~, define F(f) as the
common value of F(g) for allg € ¢. Since axiom J2 allows free substitution of equivalent
elements in expressions involving @ without affecting = or F, we can translate axioms
J2-J7 into an equivalent real system in which F(r) is the surrogate of every g € . In the
new system,e — 0,97 — R* and g~ — R~, where

Rt = Ret U {0} andR™ = Re™ U {0}.

With the abuse of notation noted just before theorem 1, the translated axioms are as
follows:

J2*. @onReisclosed,0 0 = 0,and Vp,q,r € Re,ifp > gthenp Dr > g @Drand
r®p>r@®q.

J3*. Given any three of the four terms inanyone of p @ g = r@Ds,(p D q) Dr = s,
andr @ (p @ gq) = s, the fourth term exists so that the equality holds.
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J4*. With (p, q) € Re® defined asp @ q, (Rt X R™, =)and (R~ X R*, =) are
additive conjoint structures.

J5%.Ya,b,c ERT,¥x,y,zER",

() ifa@0=bPx,0Da=yPbandcP0=a@Px,then0Dc=yPa;
() fxD0=yDa,0Px=bPyandzD0=xDa, then0Pz=bDx.

J6*.Ya,b € R*,Yx,y € R™, any two of the following imply the third:

a®0=0Db0Px=yD0,aPx=yDb.
J7*.¥Ya,b,c,d,g E R, Yx,y,z,w,u SR,

HUELPO=a@x,dD0=cPxand(bDEH D0 = (a ®g) @y, then
@D D0 =(cDg Dy;

(i) HyP0=xDa,wP0=2Raandy Pu) D0 = xcDu) Db, then
wWRuP0=0:cPu)®Db.

The two expressions obtained by commuting every @ term in (i) and (ii) also hold.

We will work with axioms J2*-J7* until the last paragraph of the proof. For notational
ease, a, b, ¢, and d with or without appurtenances, always denote elements in R*, and x,
y, and z always denote elements in R~ We often omit V when it clearly applies.

A few lemmas will guide our way to the representation of equation (1). We begin with
the mixed domains.

Lemma 1. There exist strictly increasing ¢ and s from Re onto Re with $(0) = §(0) =
0 such that, Va,b € R*,Vx,y ER™,

a@x>bDy = da) + o) > &(b) + b(y)
x@®a>yDb< k) + Wa) > b)) + bb). (14)

Each of ¢ and ¥ is unique up to a similarity transformation.

Proof. Axioms J4* and J2* imply strictly increasing ¢; on R* and &, on R~ such that

a@x >bDy< bi(a) + dalx) > d1(b) + day).

Fix origins by specifying ¢1(0) = ¢2(0) = 0, then let b equal ; on R* and ¢ 0n R~ to
obtain equation (14). It follows without difficulty from axioms J2* and J3* that $(Re) and
Ui(Re) are intervals that in fact equal Re. The uniqueness result with fixed origins is well
known. &

Fix & and ¥ henceforth. When the two <> expressions of lemma 1 are used in each part
of axiom J5%, its two parts yield
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d(a) = [(b) + d(0))2 = b(a) = [W(D) + W(c)]/2
() = [60) + d@)])12 = bx) = [Y@) + $(@))2

respectively. It follows from these and lemma 1 that there are positive constants A and
such that

Va € R, y(a) = Ad(a)
Vx € R7,¥(x) = pod).

Hence,
x@a>y®@b e pd) + M(a) > pd(y) + Ad(b). (15)
Define Uon{a @ x} U x@a}by

U@ ®x) = d(a) + o)
U @ a) = 1(ndx) + Mb(@)],

where T > ( is a constant to be determined so that U(a @ x) = U(y @ b) whenevera ®
x=y®b.

Lemma 2. There is a unique 7 > 0 such that
dla) + o) = T[pd(y) + Ad(b)] whenevera Dx =y Db.
Proof. Fix positive ag, by and negative xg, yo so that ag @ 0 = 0 @ by and ag D xy =

0 = yg @ by, as assured by axiom J3* and monotonicity. Axiom J6* implies 0 @ xy =
yo @ 0. Define 7 by

dlag) = TAd(bo)

so that U(ag ® 0) = U(0 @ by). By equation (14), d(ag) + d(xg) = 0; by equation (15),
wd(vo) + Ad(bg) = 0; hence

dxo) = Td(vo),

so that U(0 @ xg) = U(yo @ 0) goes along with 0 @ xp = yo ® 0. Moreover, whenever
a®x=0=y®b,we have

Ula @x) = da@) + 6(x) = 0 = t[ud(y) + A(d)] = Uy ®b).
The other two general cases we must verify are

a@Dx=yDb>0=>Ua®Dx) = UyDb),
a@Px=y@b<0>>U@®x)=UyDb).
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We prove the first of these.
Suppose a @Dx =y @D b > 0. Let ¢ and d satisfy axiom J3*:

c@®0=a®@Dxand0Dd =y@Db.
By equations (14) and (15), d(a) + &(x) = &(c) and Ad(d) = pd(y) + Ad(b), so to

verify U(a @ x) = U(y @ b) it suffices to show that d(c) = TAd(d). This reduces the first
case of the preceding paragraph to

Claim L.Ve,d > 0,c ®0 = 0@ d = b(c) = TAd(d).

We verify this by construction, following a process in Fishburn (unpublished) that uses
uniform sequences and bisections.
Given ag, b, g, Vo as above, define a;, b; fori = 1,2, ... , recursively by

a4 ®@xp=0a;-1D0=0Db;-1=yoDb;
witha; @0 = 0@ b; by axiom J6*. Fori = 1 we have
d(a1) + dxo) = dlag) = TAd(bo) = T[ud(yo) + Ad(b1)], dxo) = TRd(Y0),

where the first and third equalities are from equations (14) and (15), and the others were
noted previously. It follows that

d(ar) = Tad(b1) = 24(aq).
Continuation yields
Viz=0,a; 0 = 0D b; and d(a;) = TAd(b;) = (i + 1)d(ayp).

We refer to this as the uniform sequence based on ag and by
For bisection that begins from ag and by, define ¢ and x by

ag@®x=a®0anda ®x = 0.
Also define b and y by
a®0=0Dband0®Db =y Dby

We have 0 @x = y@ 0andy @ b = 0 by axiom J6*. Therefore, by equations (14) and
(15),

dlag) + &) d(a) = —b(x)
wd() +Ad(bo) = Ad(D) = —ub().
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These imply that d(a) = d(ap)/2 and &(b) = d(bp)/2. Hence, since d(ag) = TAd(by),
d(a) = TAdp(b)anda D0 = 0 D b.

(They also lead to ¢(x) = Tud(y) and 0 @ x = y @ 0.) Continued bisection produces
sequencesa = a_q,d_7, ... andb = b_q,b_, ... such that

(’)(a_,') = T)\d)(b_i) = (b(a())/2i and a _l‘®0 = O@b_i.

The final step in the construction builds the uniform sequence based ona _; and b_,,
i = 1, in the manner done earlier for ag and bg. Omitting routine details (cf. Fishburn,
unpublished), it follows that claim 1 holds for a set of ¢ € R* whose ¢(c) values are

dense in R*. Monotonicity and the onto property for ¢ complete the proof of the
claim.$

We have arrived at the following point: There exist strictly increasing maps ¢ and U
from Re onto Re and positive constants \, w, and 7 such that $(0) = U(0) = 0,

Ula @x) = d(a) + 6(x) on{a @} (16a)
Ux@a) = pnd) + Tad(a) onfc@al, (16b)
and, Vp,q € {a DU & D al,
p > q<=Up) > Ulg) < o@) > &)
Next we show that, on each of R* and R, ¢ is a similarity transformation of U.
Lemma 3. There are positive o and {$ such that
Va € R*, ¢(a) = al(a),
Vx € R, o(x) = BUR).
Proof. To establish the R* result, we show first that foralla > b > 0,¢ > d > 0, and

gERT,

d(ag) —dbD) _ d(a)—b(b)
(cDg) ~ddPg)  blc)— )’

(17

Suppose d(a) — d(b) = d(c) — d(d) > 0. By axiom J3* and equation (14), there is anx
€ R forwhichb 0 =a@Dxandd P 0 = cPx. Givenanyg ERT,aDg >bDg
by axiom J2*, so axioms J2* and J3* yielday € R~ suchthat p ®g) @0 = (a Pg) Dy.
Then (d D g) @0 = (c ® g) Dy by part (i) of axiom J7*. Hence, by equation (14),
Sla@g) — dbDg) = —d¥) = dlcPg) — d(d Dg), soequation (17) holds when its
right side equals 1.
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Suppose the right side of equation (17) is a rational number, say r/s in the smallest
positive integers. Partition &(a) — $(b) into r equal and contiguous segments; do like-
wise for &(c) — &(d) into s segments. Then every segment has the same length, and it
follows from similar partitions for the left side and the result of the preceding paragraph
that [d(a Dg) — &b DYV d(c Dg) — &(d Dg)] = r/s. The strictly increasing and onto
properties for & then imply that equation (17) holds whenevera > b > 0,¢ > d > 0, and
gERT.

Setg = Oand b = d in equation (17) to obtain

H(a0) —S(bD0) _ d(a)—b(b)
b(cD0) —dOD0)  d(c) -~ b(b)

for min {a, ¢}> b > 0. Using the form (p @ q) @ r = s of axiom J3*, letg = s = 0, take
r < 0, and conclude from axiom J3* that (b @ 0) B r = 0 = 0P 0 for some b > 0. By
equation (14), d(b @ 0) = — (7). Let a sequence of &(r) values approach 0 from below.
Then the corresponding sequence of &(b @ 0) values approaches 0 from above. Using
axiom I2¥, it follows easily that the b sequence, say b, > by > ... , approaches 0, and so
&(b;) — 0 also. We conclude from the preceding ¢ ratio equation that

HE@®0) _ (@)
Va, ¢ >0 ge@0) = b

By equation (16a), U(a @ 0) = &(a) and U(c @ 0) = (c), so

P@@®0) _ d(c0)
U@®0) ~ Uca0)

orwhenb = a@0andd = c@ 0, d(d)UD) = &(d)/U(d). Since it is easily seen that for
everyb > Othereisana > Osuchthatb = a @0, it follows that &(b)/U(b) is the same for
allb > 0. We define the common ratio to be o, yielding the first conclusion of lemma 3.>

Given lemma 3, let4(+) = o, B(—) = B,A(—) = 7uB, and B(+) = 7ra. Then, by
equation (16),

U(a®@x)=A(+)U(@) + B(—)U(x) on{a@x} (18a)
Ux®a) = A(—-)Ux) + B(+)U(a) on{x @ a}. (18b)

It remains to establish the real equivalents of the first and fourth lines of equation (1b),
€.,

U(a @ b) = A(+)U(a) + B(+)U(b) + C(+)U(a)U(b)
U @y) = A(-)U) + B(-)UG) + C(-)UUE)

With C(+) = 0and C(—) < 0. We prove the first of these, beginning with
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Lemmad4.Va,b,c,d,f € R* witha > bandc > d

U@ - UGD) _ U@ ~U®) _ UfDa)-U(Db)
U(c®N -U@@) ~ U©)-Ud) ~ U0~ U(dd)

Proof. The first equality follows from equations (16a) and (17) and from lemma 3. The
second follows similarly using the commuted version of equation (17), which is obtained
from the commuted version of part (i) of axiom J7*.

Now fixag > by > 0, definery and , on R* by

Ulao®) U _ |,
Ulay) = U(by)

 U(®ag)— UDbo)
D= Ve -ty "

n(f) =

and use equation (18) and lemma 4 withd = 0 to get
Ulec ®f) = n(hU (c) + B(+)U()
Ulc @f) = n@U(f) + A(+)U(c),

where ¢ and f have been interchanged for the latter equation. Equating the right sides of
these two U(c @ f) equations gives

n)—A(+) _ n©)-B(+)
Ut Ue)

Define this common ratio for all ¢ > 0 as C(+). Then, when C(+)U(f) + A{(+) is
substituted for r((f), we get

Ulc @) = A(+)U(c) + B(+)U() + C(+)U (c)U),

which is the desired result. If C(+) were negative, suitably large values of U(c) and U(f)
would give U(c @ f) < 0, a contradiction since U is strictly increasing and ¢ @ f > 0 by
axiom J2*. Hence C(+) = 0.

The similar proof for U(x @ y) requires C(—) < 0.

This completes the sufficiency proof of our real-domain translation for the represen-
tation of equation (1), along with part (i) of the corollary of theorem 2. Reversal into the
original domain for theorem 2 as stated is straightforward. We omit the simple proofs of
parts (ii) and (iii) of the corollary.>

Proof of Theorem 3. By the corollary to theorem 2, 4(j) = B(j) = 1. Observe that for C =
0, U is additive over @, and Narens (1981) established that the isomorphism between
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two unit structures must be a power function. So the form for U, equation (4), follows
immediately. For C = 0, let V' = log(CU + 1) and observe

Vix®@y) = loglCUK @y) + 1]
= log[CU(x) + CU(y) + C2UX)Uy) + 1]
= log[(CUx) + 1)(CUy) + 1)]
= V(x) + V().

Thus, as in the C = 0 case, V'is a power function, yielding for U the form of equation (5).

Proof of Theorem 4. (i) Suppose b > ¢ = e, ¢, b € . Since U is onto, there exists by axiom
S1c’,¢" € €suchthat Uc) = B(+)U(c') = A(+)U(c"), in which case by theorem 2, ¢ ~
e@®c ~ " @Pe Letd solve

U(d) = [UB) = B(+)U(HA(+) + C(+)U(c)]
> [U(e) = B(H)U(HA(+) + C(+)U(e)] = 0.

Thus,
U(b) = A(+)U") + B(+)U(c) + C(+H)U"HU(c") = Ud Dc'),

whence by theorem 2,5 ~ d’ @ ¢’. The proof for ¢” is similar.
(ii)g' and g” exist by related applications of part (i), and the conclusion is an immediate
consequence of axiom R3.

Proof of Theorem 5. Let U be the function established in theorem 2. Since the binary
gambles are assumed to have unit representations in terms of U, theorem 1 implies that
there exist constants S(E | E U E’) such that for g(i) € ¢,

Ulg(). Ese. E'] = URGIS(E | E U E"). (19)

Part (i) now follows immediately from equation (19), the additivity of U for conse-
quences or gambles of opposite sign {equation (1)), and axiom D1.
(it) By theorems 2 and 4,

Ug) = ADUE") + BOU(") + COUEU (c"). (20)

By definition, ¢ ~ e @ ¢, so by theorem 2, U(c) = B()U(c’). By axiom R2, g’ is
indifferent to the binary gamble of its nonnull part g over the event E — Ej and e over
Ey. So by theorem 1, U(g'") = U(g")S(E — Ej | E). Substituting these two expressions
into equation (20) yields equation (8a).

The proof of equation (8b) is similar using subtraction from the left.

The uniqueness of U up to a similarity follows from theorem 2 and the absolute
uniqueness of the weights from theorem 1.

It is trivial to verify that axioms R1-R3 and D1 follows from the representation.>
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Proof of Corollary to Theorem 5. By part (i), it is sufficient to derive the representation of
positive and negative gambles separately. The proof for the positive case, which we show,
proceeds by induction. Using axiom R3 and part (ii),

Il

Ug)G*(m — 1)+ Ulg* (Em-1))
j_ZzU[g@) O8(En-V))IF*(,m —2) ~

F*(G — 1Lm — 2)JG*(m — 1) + Ulg* (Em-1)]
ZU{g(E)][Fw m = 1) = F* = Lm = 1] +

U (- 1>1[1 - ZF*(; m—1)+ ZFW ~1,m - 1)
Z Ulg(ENIW ™ (E)). <>

Ug™)

Proof of Theorem 6. Given the bilinear forms of theorem 5, the only possibility for a
failure of monotonicity is either in increasing a negative consequence through e to a
positive one or, in the single signed domain, to an increase in one consequence that alters
the rank ordering. The former case is, according to equation (7), not a problem since the
change takes a negative term to a positive one. In the latter cases, we work out the details
only for the positive case and number the events according to the ranking as in the
corollary of theorem 5 from 1 tom — 1. Suppose thati and i + 1 are adjacent events
whose order will be reversed by the change in the consequence. Observe that the induc-
tion up to event i + 1isindependent of the change in rank between these two events, so
with no loss of generality we may assume gambles g and & based on E = | ’1+1 E,
which differ only in the rank order of the consequences on these two adjacent events. Let
C=FE-FE —-E,D=FE —-E;;,andD’' = E — E;. So, by applying equation (8a)
twice and suppressing the + notation, we have for g

Ug) = [AU(g") S(C | D) + Ulg(Ep)] + (C/B)U)S(C | D)] %
4 + (CBYUGE+ DISD | E) + Ulg(Ei+1)].

The equation for U(h) is similar, but with D’ replacing D, the roles of E; and E; 1
reversed, and 4 replacing g. Observe thatg” = A" and at the point of inversion g(E;) =
g(Ei+1) = h(E) = h(E;+1). So equating the two expressions at that point of inversion
and taking these facts into account yields

S(C|DYSD | E) = S(C | D)S(D' | E), (21)

where C € D C Eand C € D’ C E. Choose E to be the universal event of &, and set
S(C) = S(C | E). Since the identity automorphism is represented as 1, S(E | E) = 1, and
so letting D' = E, we obtain from equation (21) the condition that
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Si(C | D) = S{(C)/S{(D), (22)

where the sign notation has been reintroduced.
Clearly, the condition of equation (22) implies equation (21), which in turn is sufficient
for monotonicity, and so the assertion is proved.>

Notes

1. To the best of our knowledge, the several nonadditive weight theories in the literature exhibit interval scale
representations, In particular, the rank-dependent ones in the economic literature do so.

2. They called it dual bilinear, but subsequently Luce adopted the terminology that has arisen in economics
for theories of weighted utility where the weights depend both on the events underlying the consequences
and on the preference ranking of the consequence in question among all the consequences of that partic-
ular gamble.

33 ESépLECEj=1,...,nforj =k ENE = @;and UE; = E.

4. The structure is said to be order dense iff for every g, h € gwithg > h, there exists f € g such thatg > f >
h. The structure is said to be Dedekind complete iff every bounded, nonempty subset of g has a least upper
bound in g.

S. The motivation for such an assumption and a number of its properties can be found in Cohen and Narens
(1979) and Luce and Narens (1985).

6. This is equivalent to A(j) = B(j) = 1 (see the corollary to theorem 2).

7. Discussions with J. Aczél have been useful concerning this portion of the proof.
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